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IMTPE/INCJIOBUE

JlaHHBII TeKCT mpeCcTaBIsgeT cOO0i COKPAINEHHYIO 3aMUCh CEMECTPOBOTO
Kypca JeKuii 1o pyHKITMOHAJTHFHOMY aHAIN3Y W HWHTETPAJIHHBIM YPaBHEHN-
M, KOTOPBIil Ha HPOTSKEHUU P JIET aBTOP YUTAET HA MaTeMaTHICCKOM
dakymabrere I'T'Y um. @. Ckopunsl. Tpamgunuonno sror kypc B ['T'Y na-
YUHAETCS B YE€TBEPTOM CEMECTPE U COAECPZXKUT TEOPUIO MEDPbl U MHTErpaJia
Jlebera (06CTy KUBAOILYIO HE TOJIBKO aHAJIN3, HO M TEOPHIO BEPOATHOCTE 1
MaTeMATHIeCKYI0 CTATHCTHKY ), & TAKZKe JEMEHTHI TOTO, YTO PaHbIIe He CO-
BCEM YJIAYHO HA3BIBAJIOCH TeopHell (pyHKIuil JeficTBUTEILHOIO IepeMeHHO-
ro. JIeKnum oXBaTHIBAIOT BeCh MaTepHas M0 TeMe < Teopust Mepbl H HHTErpaJ
Jleberas, mpeaycMOTPeHHBIH 00pa30BaTeILHBIMI CTaHIapTaMu Pecybmnku
Benapych u yueOHBIMU ITpOrpaMMaMu JIJId BLICHINX Y4eOHBIX 3aBejeHuil 1o
crnenunagbaoctam 1-31 03 01 Maremaruka u 1-31 03 03 Ilpuksaagnas ma-
TemaTuka. Llesb mpesaraeMbIX TEKCTOB JIEKIHiT — 00ECIeYUTh CTYICHTOB
Y4eOHBIM IOCOOUEM, IT0 KOTOPOMY OBLIO OBl YI0OHO T'OTOBUTHCS K IK3aMEHY
(BKJIIOYAST KOHTPOJUPYEMYIO CAMOCTOSITETBHYI0 PAbOTY ).

Nznoxkenne B JIEKIUSX COMPOBOXKIAIOTCA JOBOJIBHO 3HAYUTETHHBIM THC-
JIOM yUpaykKHeHHil (Kak MpaBHJIO, JIETKUX), BBHIIOJHEHHE OOJBITHHCTBA U3
KOTOPBIX HEOOXOIUMO i HepbOpMaIbHOIO YCBOCHHA MaTepuaJa. J[omnoHu-
TeJIbHBIH (HeoBs3aTebHbI) MaTepuas BbljedeH 3HaKaMu *. BHyTpH Kawk-
JIOH TJIaBBI (DOPMYJTBI HMEIOT JIBOHHYO HyMepanuto, Hanpumep, (2.1) o6o3Ha-
qaer nepByio opmysy naparpada 2; TeopeMmbl, JeMMbI U T. J. HyMepyIOTCs
pazmenbHO O maparpadam. 3HAK (= UNTAETCH <PABHSIETCS MO OIPeje ie-
HUIO>; KOHEIl J0Ka3aTe1bcTBa 0003HavaeTcsa 3HakoM [.



BBE/JIEHUE

Be3yci0BHO NpaBUIBHBIM, XOTS M JIAJEKO HE TIOJTHBIM, OTBETOM Ha BOIPOC
<UTO TAKOE MHTErpasi?> ABJISAETCA <IIPeie]l HHTerpaJbHbIX cyMM>. Bee neso
B TOM, K&K CTPOUTH ITH CyMMbI. KaK U3BeCTHO, IPH MOCTPOCHUH PUMAHOBBIX
cymm o(f, P,§) ans dbyuknuu [ : [a,b] — R ucxonsar u3 pasbuenusst P =
{a =29 <2y < ... <z, = b} orpeska [a,b] ¢ OTMEUEHHBIME TOYKAMHE
&k € Ay = [Tg_1, Tg] u TOMATAIOT

O'(f’ P7 5) = Z ykm<Ak)>
k=1

riae yp = f(&), a m(Ay) = xp — xx_1 — aauHa oTpe3ka Ag. HTErpas Toraa
OTIPEIEISIETCST KAK MPeIe 3TUX CyMM HPH HEOTPAHUYEHHOM H3MeJIBIeHUH
oTpe3Ka (ec/qu TOT mpeJiesl CYIMIeCTBYeT W He 3aBUCUT OT BHIOOpA OTMeYeH-
HBIX TOYEK).

Unrerpas Pumana BecbMma 110/1€3€H B aHAJIN3E U €10 HPUJIOKEHUSX, O/[HA-
KO CO BpeMeHeM OOHADYKUJICS PsiJ] er0 HEeJIOCTATKOB, U3 KOTOPBIX OTMETHM
CJIe Ty foTne:

- MHOI'H€ <MpOCThies byHKIWU (Hanpumep, dyHKIus Iupuxiie) okasbl-
BAIOTCA He UHTETPHPYEMBIMU;

- OH He TO3BOJIAeT TOJKHBIM 00pa30M Pa3BUTh FAPMOHUYECKHIT aHAIN3
(B wacTHOCTH, Teopuio psioB Pyphe);

- <o Pumany> nejib3gd vHTErpupoBaTh (DYyHKIIHN, 38/ IaHHbIE HA a0CTPAKT-
HBIX MHOZKeCTBaX (& 3T0 HEOOXOIMMO JIeJIaTh, HALIPUMED, IPU COBPEMEHHOM
MOJIXOJIe K TEOPUH BEPOSTHOCTEIH );

- VCJIOBHsI TEOPEM O IpeJIeJTbHOM Iepexoje Mo 3HaKOM HHTerpaJja Pu-
MAaHa, CJIMIIKOM OTPAHUYIUTE/IHHbI;

- IPOCTPAHCTBO WHTErpupyembix mo Pumany (pyHKIUN ¢ WHTErpaabHOil
METPUKOI HE IOJIHO;

- YCJIOBHS CIIPABEIMBOCTH OCHOBHOM TeOpeMbl MATEMATHIECKOTO aHAJIH-
3a (<dopmyasr Heorona-JIeiiGHuIas) aBasoTC BeChbMa KECTKUMH.

DTO MPHUBEJIO K HEOOXOAMMOCTH MOAN(DUKAIMY TEOPUH UHTErPAJIA, YTO U
obL10 caesano A. JleberoMm u ero mocaeaoBaTeIsIMU B HaYaIe XX BEKa.

Ucxonnas naest A. Jlebera — mpu mMOCTPOEHUN HWHTETPATHHBIX CYMM HY K-
HO pa30uBaTh He 00JIACTH ONpeTeIeHusd, a MHOKeCTBO 3Hadenuilt F( f) byuk-
mun f. Ilpu 9TOM, ecaim TOUKH Yy pasOUBAIOT OTpPe30K, comeprkamuii F(f)
(JUtst TPOCTOTHL MBI canuTaeM f OrPaHUYEHHOM), HA NPOMEKYTKH g, TO MH-



TerpaJbHbie CyMMBbI Jlebera nmeoT BuL

> uem(f (1)),

rie m(f~1 (1)) — momKHBIM 06pa3zoM 06obHIeHHAs <yIHHa> (Mepa) Ipo-
obpasa f~!(I;) muoxkectBa I mpm oroOpazxenunm f. [TOCKOIbKY MHOKe-
crBa f~(I;) MOrYT GBITH YCTPOCHBI BEChMA CJIOZKHO, PEATU3AINA ITO Uien
noTpeboBaia, MPekKae BCEro, HOCTPOEHUsI COOTBETCTBYIOIIEH TEOPUH Meph
Ha PAMOii, 3aTeM — Teopun Tex PYHKIUH, 11 KOTOPHIX MHOKECTBA BUIA
f7Y(I},) moxkno uzmeputrh (Takue GyHKIME CTaIM HA3BIBATH H3MEPUMbIMH ),
1, HAKOHeIl, COOCTBEHHO TEOPUH WHTerpaJa.

Takum 06pa3oM, ecii B PUMAHOBBIX CyMMaX 3HadeHUs (DYHKIIUH HIYT
IPOCTO B MOPSIJIKE CJIEJOBAHUS UX abCIUCC, TO B JIEGETOBBI OHU BXOJIAT, TAK
CKa3aTh, ¢ y9eToM KparTHOCTH. [103TOMYy, COMOCTaBIIsIsi CBOW MPOIECC WHTE-
rpupoBanus ¢ puMaHOBbIM, A. Jleber cpaBHUBAI UX C MPOMECCOM MOICIETA
GO0 CyMMBI JEHET, OCYIECTBAAEMON IByMsT KACCHPaMM, — ONBITHBIM U
HEONBITHBIM. HeombITHBIH Kaccup cyMMHpyeT KYHIOPBI BCe MOJAPSJI, B TOM
HOPAJIKe, KaK OHM eMy monajarorcesa. OUBITHBIH Ke cHAadYa a PACK/IAIbIBAET
UX 110 JOCTOMHCTBY M JIMIID 33T€M BBIYHC/ISIET CyMMY, MCIIOJIb3ys yMHOMKe-
Hue.

[IpenmytiecTBa J1e6€roBCKOTO TOIX0A BUJIHBI yyKe Ha npumepe (yHK-
muw upuxse D, npuHAMAatolieil 3Hadenne 1 Ha MHOXKECTBE PAIHOHATBHBIX
quces Q, u 3uagenue 0 na muoxkectse R\ Q. [lockonbky, Kak MBI yBHIAM
nozxke, m(Q) = 0, Bce cymmbr Jlebera dyukuuu lupuxjie paBHbl HYJIIO, a
noromy uHTerpas Jlebera or D cymecTByer (1 paBeH HYJI0), X0Ts 10 Puma-
HY OHA, KaK yKe OBLIO OTMEUYEHO, He WHTEIPUPYEMa HU HA KAKOM OTDPE3Ke
HOJIOKUTETbHON JI/THHBI.

OmnmcanHas BBIIIE cXeMa JIJisi caydas (hyHKIHH, OmpeIeIeHHbIX Ha YUC-
JIOBOII IPSIMOIi, peaanu3yercd He MPoIe, YeM M1 (DYHKIIE MHOTHX TTepeMeH-
HBIX U Jazke juist GyHKIUi Ha TPOU3BOILHOM MPOCTPAHCTBE ¢ MEPOH. DTUM
1 0ObsICHSIETCsI, 9TO (B HADYIIEHHE NPUHIIUNIA UCTOPU3MA B MPENOIaBAHIN )
Teopus Jlebera m3naraercs jmajiee cpady B MaKCHMAJIbHON OOIIHOCTH, a UC-
TOPHYECKH IEePBLI U BarKHBIN cydail 4uCJIOBON IpsiMoil ¢ Mepoit Jlebera
paccMaTpuBaeTcs B Ka9ecTBe <MOJIEeILHOTO IpHMepas .

!B yuebuuxke |7] usnoskenue obmuieii Teopun Mepbl MPeBapAeTCs MOCTPOEHUEM Mepb
JlebGera nHa miockocTu.



I'maBa 1. D1eMeHTHI TeOPUU MHOXKECTB

[Hesibio 310l HEOOMBINON TJIaBbl AB/AAETCH HAIOMUHAHUE HEKOTOPBIX II0-
HATHI 1 (HAKTOB <HAUBHOW> (T. €. He AKCHOMATHYIECKO ) TEOPUH MHOYKECTB,
y7Ke U3BECTHBIX CTyJIeHTaM-MaTeMaTHKaM, HalpuMep, 1Mo Kypcam <Bbeme-
HUEe B CHEMUAJBHOCTH> W <MaremMaTnueckuil anaimss. Bosee moapobHbIE
ceiennst (Bkiovaomue u akcnomaruky Llepmeno-®penkesis) MOKHO Haii-
TH, HanmpuMmep, B [5].

§1. MHO>KecTBa, OTHOLIEHUS U OTOOpa>KeHus

B Teopun MHOXKECTB eCTh J(Ba MEPBUYHBIX (HEONPEJEISEMbIX) TTOHSITHSI
— <3JIeMEeHT> U <MHOXKeCTBO>. [IpHu 3TOM 3/71eMeHT T MOKeT KaK IPHHAITe-
JKaTh, TAK U HE MPHHAJIEKATH MHOXKECTBY A, UTO 3alUChIBaeTCd Kak & € A
u r ¢ A coorBercTBenHO. 3aaTh MHOKECTBO — 3HAYHT YKA3ATh, KAKHE 00Db-
eKThl SIBJSIOTCA ero sjaemernTamu. CJI0Ba <MHOXKECTBO>, <COBOKYITHOCTH>,
<Habop>, <ceMeiicTBO> OyayT cuuTaThest cuHOHUMaMi. COBOKYITHOCTDH BCEX
MOJMHOKEeCTB MHOKecTBa X Oymer obozHauaThest P(X), mycroe MHOKECTBO
— smakoM (). OTmernm, 9TO majee cooTHOmeHHe BKIoYeHHs A C X mHe
uckaodaer, uto A = X.

Eciu {E;}ier ectb ceMeficTBO MHOXKECTB, TO Mbl MOXKeM 06pa30BaTh 005-
edunenue Ui  E; := {x : Ji x € E;} u nepecevenue Nier By = {z :Viz € E;}
ero 4jeHoB. Eciam mHOXKectBa A m B He mepecekaiTcs, TO UX 00benHe-
Hue Oymer obo3HadaTbcst A LI B U HA3BIBATHCA QU3BHOHKMHLLM 0060UHEHU-
em MHOKeCTB A u B. JlusbrionkrHoe obbenunenne cemeiictsa {E; }icy Gyner
oboznavarbes Ler ;.

Pasnocmov A u B onpeaensiercs kak A\ B :={z: (v € A) A (z ¢ B)}.
Ecan u3 KOHTEKCTa SICHO, YTO BCE PACCMATPHUBAEMBIE MHOYKECTBA SIBJISIIOTCS
OJIMHOZKECTBAMI HEKOTOPOI'0 <yHHBEPCAJBHOIO> MHOXKecTBa X, TO pas-
noctb X \ F HaspiBaercs donoanenuem noiMuoxkectBa F muoxkectBa X U
Oyner obosnauarsest E'. [Tpu aroM cripaseiiuBbl npasuia de Mopeana (dop-
MYJIbI JIBOHCTBEHHOCTH )

/ !/
Ue| =NE. [NE]| =UE.

iel el el icl

Ecmu X n'Y — nBa MHOXKeCTBA, TO UX npamoe (dekapmoso) mpousne/ie-
Hue X XY ecTb MHOZKECTBO, 0Opa30BAHHOE BCEMU yIOPSIOYEHHBIMY TapaMu
(z,y), tne z € X,y € Y. Omuowenuem mexay MuokecrBamun X u Y Ha-
3BIBAETCS MOAMHO)KeCTBO MHOKecTBa X X Y (ecnim X = Y, To roBopsar 06



orHomennn Ha MHOKecTBe X ). Ecn R ecth orHomernune mexay X u Y, To
BMecTo (z,y) € R wacto mmimyT xRy.

O6pammnoe omnowenue R~ Mexay Muoxkecrsamu Y n X ompeengeTcs
kak R~' = {(y,z): (z,y) € R}.

HauboJiee BayKHbIMU SBJISIOTCS CJIEJIYIONIUME TPU TUILIA OTHOIIEHUT.

1. OTHOUMIEHUE SKBUBAJIEHTHOCTU. 9T0 OoTHOHIeHHe R Ha MHOZXKe-
crBe X, obJrajiatoriee CJeyONMMA CBOWCTBAMMU:

a) xRz nipn Beex x € X (pedaexcuenocmy),

6) xRy Torma u ToJabKO Torja, Korma yRr (cummempurunocmy),

B) ecoiu xRy u yRz, 10 xRz (mpansumusnocmy).

B srom cayuae Bmecro xRy gacro numyTt o ~ y. Muoxkecrso & = {y €
X 1y ~ x} HA3BIBAIOT KAGCCOM dKEUBALeHMHocmy 3neMeHTa © € X. Jlerko
JIOKa3aTh, 910 X ecmb Juasionkmmoe 06sedunernue Makur kaaccos (IoKa-
JKHUTE).

2. OTHOLLEHUE IOPAIKA. ( Yacmuunoim) nopadkom Ha MHOKeCTBE X
Ha3bIBaeTcsa oTHomenme R Ha X, Koropoe pedeKCHBHO, TPAH3UTHBHO U
00J1a/1aeT CJIeIYIONIIM CBOHCTBOM:

r) tRy u yRx Bieder y = & (GHMUCUMMEMPUTHOCTD).

[Ipu sToM MHO«KECTBO X Ha3BIBAETCS 4aACMu4HO ynopadouerHvim. Ecan
i 00X z,y € X umeer mecto jqubo xRy, qmbo yRx, To nopaaok R
HA3BIBACTCSA AUHEHbIM, 8 MHOXKECTBO X — aunetino ynopadouermvim. Mbr
Oysiem 0003HaYaTH OTHOIIEHUE TOPsiiKa 3HakoM <. FKcim x < y, TO roBopsit
TakkKe, 9T0 T He npesocrodum y. Kemn x < y u x # y, 1o numyt x < .
Daement b € X HazbBaeTcs seprretl epanuyet muoocecmea A C X, ecan
x < bupn Bcex x € A. CaMo MHOKECTBO A IIPH 3TOM HA3bIBAETCHA 02PAHUYEH-
HbLM ceepry. AHATOTHYHO OIpeIe/IaI0TCS HUXKHSS TPAHANA U OTPAHTIeHHOe
CHU3Y MHOXKECTBO. DJieMeHT a € X Ha3bIBACTCA MAKCUMAALHOM, CIU U3
HepaBeHCTBA a < x ciaeayer a = x. Cjeayroiiee yTBEPKICHUE SBIISIETCS
006001IIeHneM TTPUHITUIIA MATEMATHIeCKOW WHLYKIIHH.

Jlemma Hopua. Ecau mroocecmso X vacmudho ynopadouerno, npuiem
A1000€ €20 AUHETHO YNOPAJOUEHHOE NOOMHOHCECTBO 02PAHULEHO CEEPTY, MO
Kaotcovlll anemenm u3 X He npesocrodum HeKomopo20 MakcuMaAbHOZ0.

3. OTOBPAYKEHUS (OYHKIUN). VHTyuTHBHO (DYHKINSA — ITO 3aBH-
CHUMOCTb MEXKJIy IepeMeHHbIMU Besuunnamu. Ha sg3bike Teopum MHOXKECTB
9TOMY TIOHSITHIO MOYKHO TIPHIATH CTPOTHIT CMBICH (€CJIH CIUTATh KOPPEKTHO
OIPEJIeIEHHBIM [OHATHE MPSIMOT0 Mpou3BeeHust ). VIMeHHO, omobpastcenue
f X — Y ecrb Takoe ornomenue Gy MexJy MHOXKecTBaMu X 1 Y, UTO



s moboro x € X cymecTByeT eJUHCTBeHHBIH y € Y, n1a koroporo xG py.
B srom cayuae mumyr y = f(x) (mm f @z — y), a Gy Ha3BIBAOT 2pa-
Purom omobpasrcenus [ (IO CyNIECTBY, IPU TAKOM IOJXOJe OTOOpaYKeHUE
OTOXKIECTBISETCs €O ¢BouM rpadukom). Hacro ciaoBa <oToOparKeHHes> U
<(yHKIMS> CHUTAIOTCH CUHOHUMaMK, HO Mbl OyJIeM Ha3blBaTh (PyHKIMSIMU
JIMIITH OTOOPAsKeHUS B YUCJIOBbIE MHOYXKeCTBa. /[jig pa3/jnmdHbIX THIIOB OTOO-
paskeHuil MCIOJIB3YIOTCA TaKyKe Ha3BaHUs <IPeobpa3oBaHues, <MOCIe10Ba-
TEJIbHOCTD>, <OIEPATOP>, <(PYHKIHOHAT>, <Mepas U T. /1. HacTo cemeiicTBO
noaAMHOKECTB {F;}ic; MHOKecTBA X TOXKe ONPEJIETAIT KaK 0TOOparKeHme
i— E;n3 1B P(X).

MuozkecTBO X Ha3BIBAIOT 004aCMb10 (I MHOHCECTNBOM) ONPEJEAEHUA
dynryuu f (ero eme obosnauator D(f)), a muokecrBo f(X) = {f(x) :
r € X} CY (ero eme obosmagator E(f)) — muoocecmeom ee snauenud.
Eciu A C X, 1o Mbl o6o3nadaeMm uepes f|A cyorcenue omobpascenus f Ha
muoxkectBo A (1. e. D(f|A) = A, (f|A)(z) = f(x) mpu x € A). Muo-
JKecTBO 3HadeHuii cyxenmst f|A obosmauaercsa f(A) u HasbiBaeTcs obpa-
3om mmuoocecmea A npu omobpascenuu f. Ecan C' C Y, T0 MHOXKECTBO
fHC) :={x € X : f(x) € C} naspiBaerca (MOJHBIM) NPO0OPAZOM MHOMHCE-
cmea C' npu omobpascenuu f. Oueparus B3ATUs IPoodpa3a mepecTaHoBOY-
HA C ONepaIusaMu 00beTUHEeHUs, IepecedeHrs  JOMOJTHEHUS, T. €. CIIpaBe/i-
JIUBBI CJIECIYIONIIE PABEHCTBA:

FUE) = ®E), (1.1)

i€l i€l

UNOE) =N E, (1.2)

i€l i€l

Kpowme Toro,

HO

FINOE) cFE.

icl i€l

Yopaxkaeune 1. JlokaXuTe 3TH COOTHOIIECHHUSI.



IIpamoe (dexapmoso) npoussegenue XX Xox. .. x X, maoxects X1, Xo, ..., X,
eCTh MHOXKECTBO, OOPA30BAHHOE BCEMHU YIIOPSI0UEHHBIMI HabopaMu (KOHed-

HBIMH TIOCJIeJIOBATEbHOCTAME) (T, Xa, ..., Ty), Tae x; € X; 0 = 1,...,n.
Jpyrumu cioBamMu, OHO COCTOUT U3 BCEBO3MOXKHBIX oToOpazkenuit x : {1,...,n} —
U; X, rakux, uro z(i) € X;,7 = 1,...,n. B Takom Buge 310 noHsITHE LE-

peHOCHTCsT Ha mpou3BosbHbie cemeiictBa {X;}icr He mycThix MHOXKecTB. [To
oIpe/iesIeHnio, mpsimMoe (J1ekaproso) npoussenenne [ [, , X; cocTonr u3 Bee-
BO3MOKHBIX oTOOpazkenuit = : I — U;X;, takux, uro z(i) € X;,i € I. Ho
BCErJa JIU CYIIECTBYIOT TAKKE OTOOPAKEHHUS, T. €. BCErIa JIH MOXKHO 00pa3o-
BATh HOBOE MHOZKECTBO, BBIOPAB U3 KazKI0r0 X; POBHO IO OJHOMY 3JIeMEHTY?
OxasbiBaeTcs, yrsepz/enue o HemycroTe npoussefenuii [ [, X; me mycreix
MHOZKECTB He 3aBHCUT OT OCTAJIbHBIX aKCHOM TEOPUU MHOXKECTB. XOTs 3TO
YTBEP:KJIeHUE U MPUBOIUT K Py YAUBUTEIBHBIX PE3YJIbTATOB (THIA CYIIe-
CTBOBAHUS HE U3MEPUMBIX 10 Jlebery MHOXKeCTB, CM. HHZKe), HO OTKa3 OT
HEro CUILHO 00eIHsIeT MATEMATHAKY, 1 OOJBIIMHCTBO MATEMATHKOB B HACTO-
siliee BpeMsl IPMHUMAIOT (M IPUMEHSIIOT) CJIeMYIONHi TOCTYIAT.

Axcuoma BeIGOpa. Muoowcecmeo [[,.; X; ne nycmo, ecau mne nycmol
ace muoscecmsea X; u mMHoxcecmso 1.
Jlemma [opHa sBJIsI€TCS CJIEICTBHEM aKCHOMBI BbIGOpa (1 HA060POT).

Ecnu obparHOe oTHOIIEHME G;l MeXKJIy MHOKecTBaMu Y u X camo ¢B-
nsiercst orobpazkerueM (13 Y B X)), TO OHO HA3BIBAETCST 06PamMHbLM 0MOGPa-
orcenuem (o6pamnoti gynryuet) u obosnavaercs f~' a uexogHoe orobpa-
JKeHne [ Ha3bIBAETCS 00PAMUMbBLM. DTO PABHOCHIBHO TOMY, YTO YPaBHEHHE
f(z) = y npm kaxgoM y € Y uMeer, W NPUTOM eJIMHCTBEHHOE, DerleHue
r=: f}y) € X (mouemy?). B Takom ciyuae orobpazkenune [ Ha3bIBACTCHA
TaKXKe OUEKMuGHbLM. YCI0BAE OGHEKTUBHOCTH TOJE3HO Pa3/eIUTh HA JBA.
Ecsin ypasuenune f(x) = y upu y € Y umeer e 6oJiee 0JHOO peLICHUsI, T.
e. U3 x1 # o caenyer f(x1) # f(x2), T0 f Ha3BIBAETCS UHBEKMUBHbIM. A
ecJIM 3TO ypaBHEHHe IPU KaxkjaoM y € Y umeer (BoOOIE roBOpsi, HE eJHH-
crBernoe) pemtenue, T. e. f(X) =Y, To f HaspiBaercs clopsexmuervim (Man
omobpascenuem wa Y'). Takum o6paszoM, oTobpazkeHre OHEKTUBHO TOTJIA U
TOJBKO TOTJIA, KOTJIA OHO WHHEKTUBHO U CIOPHEKTUBHO.

Haxkoner nartoManM, 910 ecjim Mbl uMeeM jiBa oroopaxkenus f : X — Y
ug:Y — Z, 10 uX komnosuyua (Cynepnosunus, ciokuas GyHkius) go f
X — Z oupepensiercsa paserctsoM g o f(x) := g(f(x)).

VYupaxknenus: 2. 1) [Iposepbre, uT0 KoMmo3unus oToOpazkenuii obJia-
JIAeT COYeTATETHHBIM CBOHCTBOM: ecau eme h : Z — T, 10 ho (go f) =

(hog)of.



2) Byner nn komnosunust orobpazkenuit f,g : X — X obramarh mepe-
MECTHTEJIHLHBIM CBOficTBOM: go f = f o g?
3) Ilycte orobpaxenue f : X — Y obparumo. HYemy paBHBI KOMIO3HIHHA

flofmfof™?
2. CyeTHBIE M HECUETHBIE MHOYKECTBA
§

Baxkueitmum orkpeitueM 'eopra KanTopa, o3namMenoBaBminM coboit Bo3-
HUKHOBEHHE Teopru (GeCKOHEUHBIX ) MHOXKECTB, IBUIOCH OOHAPYKEHIE TOrO
CbaKTa, qTO 6eCKOH€LIHbIe MHOZKECTBa MOI'YT DPa3/IMYaTbCd <110 BECJIMYUHE>.
Yro0bl npugaTh 3TOMY yYTBEPKIAECHUIO CTPOTHI CMBIC, HYKHO HAYUIUTHCH
CpaBHUBATh 6eCKOHe‘{HbIe MHOZKeCTBa.

Onpenenenne 1. MuoxkectBa X Y Ha3BIBAIOTCS Pa6HOMOULHOMU (UMe-
OUUMY 00UHGKOBYH MOULHOCTL, IKEUBAAEHMHbLMU), €CJTH CYIIecTByeT Ou-
ekTuBHOe oroOpaxkenme [ : X — Y. Dror dakr gansee Oyger 00603HA-
garbesa Tak: | X| = Y| (wmm X ~ Y). Ucnosnb3ytorcs takzxke 0603HAYEHHsT

Card(X) = Card(Y), X =Y (obosnauenne Kanropa).

Bornosinenue HuzKec e yIOMNUX YIIpazKHeHUi HeoOX0IUMO LI Ha IIeKa-
IIero yCBOGHHsI HAYAJ TEOPHH MHOYKECTB.

Yupaxuerand 1. /lokaxure, 410

1) {2,3,...} ~N;

2) nrobbie nBa WHTepBasta (OTpe3Ka) SKBUBATEHTHBI MeXKLy CODOii;

3) (—m/2,7/2) ~R;

4) ornomenne X ~ Y pedIeKCHBHO, CHMMETPHYHO U TPAH3UTHBHO;

5)ANA1,BNB1:>AXBNA1X31.

[Ipu sTOoM MHO2KeCTBO X HA3BIBAETCH KOHEWHBLM U COCTOAIIUM U3 N dJIe-
Mentos, ecn X ~ {1,...,n} (n € N). B nporusnom ciay4ae X naszniBaeTcs
beCKOHEWHBIM.

[IpocTeiimumu U3 OECKOHEYHBIX MHOXKECTB SABISIOTCA MHOKecTBO N Ha-
TYPaJbHBIX YHCET U SKBHBAJECHTHBIE €My MHOYKECTBA.

Onpenenenne 2. MHOXKeCTBO HA3BIBACTCA CUEMHbLM, €CJITU OHO SKBUBA-
JIeHTHO MHO)KecTBY N.

JpyrumMu cioBaMu, MHOYKECTBO A CUETHO, eCJU ero JeMeHTBl MOXKHO
3aHYMEPOBATh HATYPAJJbHBIMU YUCJAAMU, T. €. <PACIOJIOZKUTH>B II0C/Ie10Ba-
TEJIbHOCTB!

A={ay,ay,...}.

B 9roM ciydae roBopaT Takike, uTo A umeem cuemuyo mougnocms u
nurnyT |[A] = Vg (mpaBag dacTh duraercs <ajied HyIbs).
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Yupaxkuerand 2. /lokaxure, 9410

1) MHOXKECTBO, 9KBUBATIEHTHOE CIETHOMY, TAKIKE CUETHO;

2) oObeiuHeHEe KOHEYHOTO M CYETHOIO MHOYKECTBA CYETHO;

3)* obbeuHeHEe BYX CYETHBIX MHOYKECTB CYETHO ;

4) MHOZKECTBO HEJIBIX 4ucest Z CY9eTHO.

Cueyrotie jiBe TeOpeMbl MOKA3bIBAIOT (MMOKA HA MHTYUTHBHOM YDOBHE),
4TO CYeTHAss MOUHOCTH — HAMMEHBIIAS W3 MONIHOCTEH GEeCKOHEYHbIX MHO-
JKECTB.

Teopema 1. Beakoe beckoneunoe mHoocecmeo A umeem cuemmoe noo-
MHOHCECMEO.
Jlokaxkure!

Teopema 2. Bcakoe NOOMHONCECMBO CHEMHO20 MHOHCECMEG KOHEUHO
UNU CHEMHO.
Jokaxkure!

Teopema 3 (0CHOBHasi TeOopeMa TEOPUH CYETHBIX MHOXKeCTB). Of6zedu-
HEHUE CUEMHO20 CEMETCTEA CHEMHVLT MHOHCECTE CHETIHO.

C.J'Ie,ZI;CTBI/Ie 1. HpﬂM06 TLpOUSG@dGHUB KOHEUH020 CEMETICMBA CUEHBLT
MHOHCECTNE CHETNHO.

CaencrBue 2. Mnooscecmso payuonasvunr vuces Q cuemno.

Yupaxkuennd 3. /lokaxkure, 9410

1)* obbeuHenne KOHETHOTO CeMeHCTBa CIeTHBIX MHOZKECTB CIEeTHO;

2)* oObequHeHne CIETHOrO CeMeficTBa He IYCTHIX KOHETHBIX MHOXKECTB
CYETHO.

Caenyromast Teopema GhakTHUeCKH OJI0ZKH/IA HAYAIO0 COAEPIKATEIbHOMI
Teopnn (GECKOHEIHBIX) MHOZKECTB.

Teopema 4 (Teopema Kanrtopa). Muostcecmeo deticmeumesvnux wucen
HE CUEMHO.

3amedanune. OCTpOYMHBINA METOJI J0KA3aTEJIbCTBA MPEIbIAYINeH Teope-
MBI HOJIYYUI Ha3BaHHE Juaz0onasvho2o memoda Kanmopa.

Onpenenenne 3. MuoxectBo X, 3kBuBajIeHTHOe R, HA3BIBACTCA MHO-
olcecmeom mowgnocmu Korwmunyyme (mamyr: | X| = c).

Yupaxkuenne 4. /lokaxure, 4T0
1) [(a,b)| = ¢ (a < b);
2)* |la, b]| = ¢ (a < b).
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Omnpenenenne 4. T'oBopsar, 910 MOMIHOCTH MHOXKecTBA A He npesocro-
dum mougpocmu muosicecmea B (nmmryt |A| < |B|), eciim A 9KBUBATIEHTHO
HEKOTOPOMY HOJIMHOZKeCTBY MHOkecTBa B. Ilumyr takxke |A| < |B|, ecan

| Al < [BJ, o |A] # [B.

ITpumepsr 1. Teopema 1 yrBepxkmaer, uto Xy < |A| ans mawoboro Gec-
koneunoro Muoxecrsa A. Teopema 2 yrBepxaer, uro eciu |X| < Vg, 10
MHOKeCTBO X KOHEYHO HMJIH CUYETHO.

Takum obpazom, HAMMEHBIIass W3 MOIIHOCTEH OECKOHEUHBIX MHOYKECTB
ecThb Ng. Hanmporup, naubouibirei cpean MOIHOCTE GECKOHEYHBIX MHOXKECTB
HET:

BBeienHOe BbIIIE OTHOMIEHHE JIJIsT MOIHOCTEH SIBJI€TCS OTHOIIIEHIEM JIi-
HEHOTO MOPSIKa, T. €. CIIPaBeINBbI CJEAYIONINE YTBEPKIACHMUSI.

Teopema 6 (IlIpenepa-Bepumreitna). Ecau |A| < |B| u |B| < |A|, mo
Al = |B].

Teopema 7 (Kantop.) Jas aobur dsyx muoscecms A u B aubo |A| <
|B|, aubo |B| < |A|.

Yupaxkaenue 5. J[okaxkute cBOHCTBO TPAaH3UTUBHOCTH JIIsI OTHOTITEHUST

A < |BI.

ITpumep 2. Ncnonb3ys reomerpudeckue cooOpazKeHus, Jerko J10Ka3aTh
HEMOCPeICTBEHHO, 9ITO JIoObie JBa WHTepBaia (0Tpe3Ka) MOJOKUTETHHOMN
JJAHBI PABHOMOTIITHBI (CgeﬂaﬁTe STO). Tak xak 110001 TakOil MHTEPBAJI CO-
JIEPYKUT OTPe30K 1 Hao0opoT, To 1o TeopeMe lllpenepa-bBeprmTeiina moboit
UHTEPBAJ MOJOKATEIBHON JITMHBI PABHOMOIIEH JTI0OOMY OTPE3KY MOJI0KHU-
TeJIbHOI JUIHHBL (I MMeeT MOIIHOCTh KOHTHHYYMA).

[Ipu ornpeiesieHrN MOIITHOCTE( MHOYKECTB OBIBAET MOJIE3HO UCIIOJIH30BATH
ceJIyIolee yIBep:KieHne B coueTanny ¢ TeopeMoit [llpenepa-bepumireitna.

JIemma 1 (o cpaBrenun morHocreit). ITyems f: X — Y.
1) Ecau [ unsexmueno, mo | X| < [Y].
2) Ecau f cropsexmusno, mo | X| > |Y|.
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I'maBa 2. DnemMeHTHI TeOpUM MephI

[IpoToTnnamMm Mep ABASIOTCS MHOTHE MaTeMaTWdeckne, (pu3nvdecKme n
T. Il. BeJIMYUHBI, TaKWe KaK JJINHA, IO/, 00beM, BepOATHOCTH, Macca,
KOJIMYECTBO TEIJIOTHI, 3JIEKTPUYCCKUA U MAarHUTHBIA 3apsa/ibl, [leHa 3eMellb-
HOro y4acTka. OCHOBHBIMH IIEJISIMU JIAHHOW IVIABbl SBJILIOTCS M3JI0KEHHUEe
TEOPUH TIPOJIOJIZKEHUS MePbl, 33/IaHHO{l mepBoHaYa/ILHO Ha <O HOI> cucTe-
Me TOJMHOZKECTB MHOYKecTBa X, JIO MepPHI, ONpeJeeHHOi Ha JTOCTATOYHO
<Ooraroit> cucTeMe ero NOJMHOXKECTB, a TaKyKe W3ydeHWe Mep Ha MPIMOI,
[IOJIyYAIOIIUXCA B pe3yJIbTaTe TaKoro HMPOJ0JIXKeHUd.

§1. CucreMbl MHOXKECTB

Hawm norpebytoTes ciieayioniye cucTeMbl MHOYKECTB, KOTOPBIe najee 0y-
JIYT CIYKUTH OOJACTIAME OTIPEIeTeHUs Mep.

Omnpenenenne 1. [Tycrs X — He nycroe muozkecrso. He mmycrasi cucrema,
A noaMHOKeCTB MHOXKeCTBa X Ha3bIBACTCH A.A2e0p0T MHOIICECTNE, €CJIH OHA
VJIOBJETBOPSIET CIACAYIONIAM YCIOBUSIM:

1) B, By € A= BN By E.A;

2) Be A= B € A

Yupaxxuenune 1. /lokaxkuTte cienyionme cBOACTBa aareOpbl MHOXKECTB:

1) 0,X €A

2) Bl,BQ EAjBl\BQ EA,

3) By,....B,e A=> ﬁ?lej, U?:lBj e A

Takum 0b6pazoM, omeparuu 00beIMHEHUS, TlepecedeHus U PA3HOCTH, TPO-
n3BeJIeHHbIEe KOHEYHOE YUCTIO0 Pa3, He BBIBOJAAT U3 aareOpbl MHOMKECTB.

Kak mnpaBusio, <kBaauduIiupoBaHHble> Mepbl OlpejieeHbl Ha ajiredpax,
KOTOPBIE 3aMKHYTBHI I OTHOCHTEJIBHO CYETHBIX O0'beINHEHN U IIepecevdeHil
(Tak Ha3BIBaEMBIX o-aarebpax).

Ompenenenne 2. [lycte X — ne mycroe muoxectso. Cucrema B mnoj-
MHOYKECTB MHOXKeCTBa X HA3BIBACTCS 0-a.42e0p0tl, eCJIU OHA YIOBIETBOPSAET
CEIYIOTINM YCIOBHSAM:

1) B — anrebpa MHOXKECTB;

2) B, e B=UX,B, €B.

Yupaxkuennd 2. /lokaxkure, 910

1) B, € B=NX,B, € B;

2) mepecevenue JHOOONO ceMeRCTBa o-aJarebp MOJMHOKECTB MHOXKECTBA
X camo gBisieTcs o-aaredpoii.
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3) ecan miast anrebpsl B yciaosue 2 MpenbiIyInero omnpeeaeHus BbIIoJI-
HSAETCS TOJBKO I dudstonkmuolr cucreM B, To B Oyner o-aarebpoii.

YacTo mepBoHAYAJILHO Mepa eCTEeCTBEHHBIM 00pa30M OIIpejie/idercs Ha
BecbMa OeJIHOI CHCTeMe MHOXKECTB CJIJIYIONIero Tuma (CM. mpuMepsl B §2):

Omnpegenenne 3. [lycts X — e nmycroe muokecTBO. He mycTast cucrema
S TOIMHOKECTB MHOKeCTBa X HA3bIBACTCSI N0AYGA2E0P0T (MHOKECTB), eCIIH
OHA YJIOBJIETBOPSAET CJCAYIONIUM yCJIOBHSIM:

1) Bl,BQ eS=BNDBH ES;

2)BeS=3By,...,B,€S: B' = i_1Bj;

3) X €S.

ITpumepsr 1. 1) (Mogenbusiii npumep). Ilycts X = R. Cucrema Z,
COCTOATIAsT U3 MHOXKeCTB Buja [a,b) u (—o00,a), rae —oo < a < b < +o0,
KaK JIETKO MMPOBEPUTH, OyAeT moayaareopoii. OHa Ha3BIBAETCS N0AYaAA2e0D0T]
CMpPenox;

2) myctb X = R. Cucrema A(Z), coctosmmas u3 MHOKecTB Buga L7_, I;
I; € Z, 6ynet anrebpoii (cMm. nmke). OHa HA3BIBACTCH a.2€0D0T dAEMEHMA]D-
HBLL MHO0ocecms Ha R;

*3) mycte (Q, F, P) — BeposTHOCTHOE TipocTpaHcTBo. Cucrema F cobbI-
Tt 6yner o-anredpoi™.

Cure1yromast KOHCTPYKIIMS MO3BOJISIeT CTPOUTH HEOIPAHMYEHHOE KOJIUYIe-
CTBO IIPUMEPOB o-aJredp.

Omnpenenenune 4. /s no06oit Hemycroit cuctremsr £ C P(X) cymecTByer
HauMeHbIast (110 BKIIYEHHI0) o-aaredpa, cojgepxKaiiast £ (310 nepecedeHnne
Bcex o-ajrebp, comepkamux £, cM. ynpaykuenne 2). OHa Ha3bIBAETCS O-
anzebpoti, noposcdernnot cucmemoti €, u obosuagaercs B(E).

Tenepb MOXKHO JATH €Ie OJUH IPUMEp O-aareOpbl, KOTOPBI O4eHb Ba-
JKEH JIJIS aHAJINA3a U TeOPUH BEePOATHOCTEIA.

4) Oupeznenenne 5. g-aaredpa, HOPOKIECHHAsS CHCTEMONH Z CTDPEJIOK,
HA3BIBAECTCA 0-AA2e0poll bopesesckur mHoxcecms Ha R, n obo3Hagaercs Bg.
Ecmm I C R — npomexyTok, o o-aarebpy By := {B C I : B € Bg}
HA3BIBAIOT 0 -AA2e6D0T D0PENeBCKUL NOOMHOMCECTNE npomexrcymka 1.

Yupaxuenne 3. /lokaxkure, 4ro By coBIajaer ¢
a)* o-anrebpoil, TOPOKIEHHON CHCTEMON BCEX WHTEPBAJIOB;
6)* o-aarebpoii, OPOXKIEHHON CHCTEMOIT BCEX OTKPBITBIX MHOXKECTB 13
R;
B)* o-aarebpoil, TOPOKIEHHO CHCTEMOl BCEX OTPE3KOB.
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Teopema-onpenenernue 1 (06 anrebpe, MOPOXKIACHHON TOIyaIreGpoii).
ITyems S ecmov noayanzebpa nodmmoscecme muoscecmsa X . Cucmema A(S),
COCTNOAULAA U3 BCEBOSMONCHBLET KOHEUHBL OUSBIOHKMHBIL 006eduHenut] 6uda
A = Ur A, 2de A; npobezarom S, asasemca aszebpoti. Ona Ha3vl6aemces
anzebpoti, nopostcdennoti noryanrzebpotli S. Iaemernmo, 2mot anzebpol. bydem
HABBIBATNY INCMEHMAPHBLMU MHOHCECTNEAMU.

Hokazarenbcrso. [Iposepum st A(S) akcnomsbr anre6per. Crnpasesin-
BOCTh MepBOil BHITEKAET W3 PACIpeeINTeIHLHOTO 3aKOHa MepecedeHnst OTHO-
CHTEIBHO OObEIMHCHNUS:

UAi N UBj = | |@inB).

i=1j=1

Teneps nugyknueit mo n mokaxkem, uro ecin B = U A; € A(S), To
E" e A(S).

JeficTBATEBHO, TIPH 1 = 1 9TO BBITEKAET M3 ONPEICTCHUS MOTyaIred-
pol. IIpemnosokum, 9To Tpu HEKOTOPOM KOHKPETHOM 7 HAIE YTBEPKICHHe
JIOKA3aHO, U paccMoTpuMm Mmuoxecrso E = LM A, e A; € S. Tax xak
E = (U, A;) U Ay, To mo npasuty ge Moprama B = (L A;)' N A,
B cui1y MHIYKTHBHOIO TPEIOJOKEHNS W OTPeIeJeH sl OLyairedphl Haii-

n [ p / _ q
ayrea takue By, Cp € S, uro (U, A;) = W, _ By, A, = U/_,C;. Crosa
IPUMEHsIsT PACTIPEICTUTENbHbI 3aKOH, TOJYIaeM OKOHYATEIHHO

E = |i|Bk ﬂ Iil(]l = |i||i|(BkﬂCl) EA(S)D
k=1 =1

k=11=1
Yupaxuenune 4. /Jokaxure, 410 A(S) ecTb HanMeHbInas (0 BKIIIOUTe-
HUIO) anrebpa, comepkamas S.

Yupaxuenne 5. [lycts § — moayanrebpa MHOKecTB. /lokazkuTe, 9TO

BA(S)) = B(S).

Yunpaxkuaenune 6.* [Iycts £ — cucrema nogMuozKecTs MuOzKecTBa X, A C

X. Hokaxure, aro B(E) N A = B(EN A).
§2. Mepni. CroiicTBa Mep

Caenyiolree TIOHATHE SIBJISETCS OJHUM 13 OCHOBHBIX B COBPEMEHHOM aHa-
JIn3€e U TEOPUHN BEPOATHOCTE.
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Omnpenenenne 1. [Iycts S ects mosyaaredbpa moaMHOKECTB MHOZKECTBA,
X. Orobpaxkenne 1 : S — [0, +00], OTIMIHOE OT TOXKAECTBEHHON +00, Ha-
3BIBACTCA Mepoti, €CJTH OHO YIOBJIETBOPACT CJICAYIONIEMY yCIOBHIO:

ecim A= || A, (A, A, €8), 10
n=1

u(A) = Z 1(An)

(o-addumusrocmy).
Omnpenenenune 2. Orobpaxkenue i : S — [0, +00], ormaHOE OT TOXKIE-
CTBEHHOH 00, YIOBICTBOPAIONIEE YCIOBHUIO:

N
ectn A= || A, (A, A, € S,N € N), 10

n=1

HA3BIBACTCA KOHEUHO-a0dumuerot mepot .
HI/I}KG MBI YBUAHUM, 9TO HE KazKJad KOHEIYHO-aJAUTHUBHaA Mepa -aJJUTHUBHA.
Bo usbexkanne He0pa3yMeHn, BMECTO <Mepa> Mbl HHOT/Ia OY/JIeM TOBO-
PUTh <0-aJJUTHBHAS Mepa>.

Yopaxkaeuud 1. [okaxkute, 9T0

1)* mst mo6oii (KOHEUHO- WK 0-)a I IATUBHON MEPHI [ CIIPABE/TTUBO Pa-
BeHcTBo [1(() = 0;

2) Kaxkaas o-aJUTHBHAS Mepa KOHEYHO-a [ JINTHBHA;

3) suHeiiHass KOMOMHAIMS KOHEYHOTO YHCIA MEP ¢ HEOTPUIATETbHBIMU
KO3 dbunuenTaMu sIBJISIETCS MEpOii;

4) st moboro E € S dyukuus Ha S, 3agaBaeMast dhopmysoi v(A) =
w(A N E), aBasiercst Mepoii.

Dra Mepa, cyzxeHHas Ha noayanrebpy Sp = {A € S : A C E} nonmuo-
JkecTB MHOXkecTBa E (mpoBepbre, uro Sp ecTh mosyaaretpa), Ha3blBAETCS
CYoHceHUeM MEPDL |1 Ha MHoocecmeo E. Ilpu aToM Mepy p ecTeCTBEHHO Ha3bI-
BaTh npodoastcenuem mepu v ¢ E na X (wmm ¢ Sg Ha ). Dra TepMHHOIOI ST
HOJTHOCTBIO COIVIACYETCs ¢ UPUHATON B 001Iell Teopun oToOparkeHuil.

ITpumepst 1. 1) Mepa /lupaka. 3adurcupyem TOUYKY @ HEIYCTOrO MHO-
xkectBa X. Mepa, onpenenennas na P(X) paBeHcTBOM

1, aeB
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HazbiBaerca mepoti Jupaxa, Wid Mepoil e JMHIIHO MacChl, COCPeI0TOYeHHOI
B TOYKE Q.

2) Huckpernas mepa. Ilycts {x, :n =1,2,...} — He Gojee 4eM cueTHOE
MOAMHOYKECTBO MHOXKecTBa X, p, > 0 n Zn P, < 0o. s moboro A C X

1IOJIO2KUM
u(A) = Z Dk-

k,xr€A

[Tonyuennag mepa HaszbiBaercd duckpemmot. OHa UrpaeT BasKHYIO POJIb B
HEKOTOPBIX BOIIPOCAX TeOPHU BeposTHOCTel (1mpu ) p, = 1).

[lpu X ={z,:n=1,2,...} u p, = 1 912 Mepa Ha3BIBACTCHA CHUMAIOULET
(momymaiiTe, mouemy).

3) Mepa Jlebera wa npsimoii (Mogenwubrii mpumep). Ilycts X = R. Mepa
™M Ha noJyaaredpe CTPeIoK, 3aJaHHas PABEHCTBAME

m([a,b)) =b—a, m((—o0,b)) = +00

(«<ymnas), nasbiBaercs mepot Jlebeza na npamot.

Yupaxkueane 2. [[posepbre BbIIOJIHEHHE YCJIOBHS 0-3JIMTUBHOCTH B
npumepax 1 n 2.

Omnpenenenne 3. CkazkeMm, 9TO MOCIE0BATETHHOCTH MHOXKECTB B,, cmpe-
mumes & mmoocecmsy B cnusy (mumem B, T B), eciu By C Bs,... u

Yupaxkuenue 3. Oupegennre B, | B.

Teopema 1 (cBoiictBa mep). Mepa p1 wa aneebpe A C P(X) obaadaem
CAEOYIOUWUMU CEOTICTNBAMU:

1)A,Be A, AC B= u(B\ A)=u(B) — pu(A).

B wacmuocmu, A C B = p(A) < u(B) (monomonnocmv mepot).

2) o-noayaddumusnocmsv. Ecau B,,UX B, € A, mo

H (U Bn) < ZM(Bn)'

3) Henpepwvishocmo cuusy. B, B, € A, B, 1 B = p(B) =1lim u(B,).

4) Henpepwenocmo ceepry. B, B, € A, B, | B,ju(B1) < o0 = u(B) =
lim p(B,).

n—oo

Sameduanus. 1) CpoiicTBo 1) cupaBeinBo U JJisl KOHEYHO-a/INTHBHOI
MepHI.
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2) Konewno-ajquruBHas Mepa [ Ha anrebpe A obiagaer CBOHCTBOM Ko-
newnot noayaddumuenocmu: eciu B, UN_ B, € A, o

N N
plUBa) <D (B
n=1 n=1

DTO OKA3BIBACTCSI TEM ZKe METOJIOM, YTO U CBOHCTBO 2).

CaencrBue 1. Ilycmo mepa onpedenena 1a o-anzebpe. Toeda 0bsedu-
HEHUE He Doaee “em CUEMHO20 CEMETUCMBa MHOHCECTNG MEPYE HYAb ECMb
MHOHCECMEO MEPL HYAD.

Yupaxuenune 4. /lokaxkure, 9TO €CJIH (i1, [ls — JBe KOHETHBIE MEPBI

) Y ?

ompejieJieHHble Ha o-aiarebpax By u By cooTBercTBEHHO, TO cucrema {A €
Bi N By : p(A) = puo(A)} aBiisiercs MOHOTOHHBIM KJIACCOM.

Onpenenenne 4. Mepa ;1 Ha MHOXKecTBe X HA3BIBAETCS O -KOHEUHOU,
ectm X MOYKHO MPEJICTABUTH B BUJE CUCTHOTO OOBLETWHEHWS MHOXKECTB KO-
HEYHOU Mepbl.

Yuopaxkuenune 7. Jlokaxkurte, 4TO Jjid Mepbl g Ha ajredbpe A u Jro-
obix A, B € A cupaseguBo nepasenctso (AN B) < /u(A)u(B). Bepuo
JIM 9TO HEPABEHCTBO [IJIsl MePhI, ONPeIeIeHHOIl JINITh Ha mosayanrebpe (CM.
caemytoruii maparpad)?

Vopaxkuenue 8. [lycte X = {a,b}. Oupenennm yHkuuo pu Ha o-
anrebpe B = P(X) caenyrommm obpazom: p(0) =0, p({a}) =1, p({d}) =
+00, pu(X) = +4o00. JlokaxKuTe, 9TO [t €CTh Mepa M OHA HE 0-KOHEYHA.

§3. IIpogomxenue mep
JI1obas Mepa mpoJI0/I2KAeTCs € MoJIyaaredphl Ha HEKOTOPYIO COJIePIKAIILy IO

ee g-ajaredOpy B JiBa 3Tala.

Teopema 1 (0 IPOIOJIZKEHNE MEDBI ¢ TTOJyaIredphl Ha, MOPOZKJICHHYIO €10
anre6py). Koneuno-addumushyio mepy [ MOKHCHO eOUHCMBERHbLM 06PA30M
nPodosHcums ¢ nosyaszebpor S do KoreuHo-ad0umueHoti MePsL |1 HG as2ebpe
A(S). Ecau pn o-addumuena, mo makogo sce u ee npodoasicenue.

JoxkaszareanctBo. EnuncrBennocts. [lycrs p/— npojoizkenne Mephl [ Ha
A(S). Torpa nas awboro A = U B; € A(S) (B; € S) umeem
WA =34 (B) = 3 (B, (5.1
i=1 i=1

17



Takum 0OpazoM, TPOIOIKEHNE, €CJIH OHO CYIIECTBYET, MOZKET UMETD TOJIb-
Ko Buz (3.1).

CymecrsoBanue. Qg A = U B; € A(S) (B; € S) H0I0XKHEM O OIpe-
JIEJICHHTO

p(A) = Z p(Bi).

a) JlokazkeM KOPPEKTHOCTh 3TOoro onpefenenus. [Tycrp A = U | A; =
UY_, Bj — niBa pazbuenus muoxecrsa A Ha sjiementsl A;, B; € S. Pacemor-
puM <obmiee namensiennes> C;; = A; N B; € S (¢ mom06HBIM IPHEMOM MBI
yZKe BCTpedasuch B reopun unrerpasia Pumana). Torma

Jj=1

Hosromy p(A;) = >, pu(Cij). Ananormuno nosywaem pu(Bj) = 32, u(Cy)
(upomenaiite 510). Cire0BaTEIBHO,

Z p(As) = Z p(Bj)(= Z #(Ci))-

6) AJUTUTUBHOCTD U 0-aJINTUBHOCTD POJOJIZKeHUsT OyIeM JOKa3bIBATH
napasieabno. C 9Toil meabio Huzke 6yeM CIuTaTh, 9TO HHIAECKC N npobera-
er KOHEYHOe WM CUYETHOE MHOXKECTBO (B 3aBUCHMOCTH OT TOTO, SIBJISIETCS
JM Mepa aIUTUBHON, win o-anautusHoit). [lycre A = U,A,, A A, €
A(S). B cuny oupenenennst aarebpsr A(S) nmeem mpencrasienuda A =
Uk B, A, = u?ngm— (B, Bpj € S). CuoBa paccMoTpuM <00IIee n3MesIb-
gemne> Cy,; = B; N B,; € §. Kax n soime, B; = U, U; Cj,j, a noTomy
w(Bi) =32, > ; (Cinj). Hosromy

p(A) = ZM(BO = Z > Zu(ij)- (3.2)

C apyroit croponst, pi(An) = > u(By;). lpu stom By = By N A =
By; N (U;B;) = U;Cinj, a motomy p(Bpj) = >, 4(Cinj). Taxum obpazom,

Z 1(An) = Z Z Z 1#(Cing)- (3.3)

OcTasnoch 3aMeTHTh, 9TO Hpasble dacT B (3.2) u (3.3) coBmagaior, Tak Kak
He 3aBUCAT OT HOpsijiKa cymMMmupoBanus (modemy?). [

n

Ci.
1
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3ameuaHnme. /lokazaHnHas Teopema IOKa3bIBAeT, YTO HEe HapyImas OOIIl-
HOCTH MbI MOZKEM DPAaCCMAaTPWBATH MEPHI, OMPeIeJIeHHbIe HA aaredbpax MHO-
KecTB (a He Ha moJyasrebpax).

CaencrBue 1. Mepa Jlebeea m wa noayanszebpe cmpeaok (<diunas)
Mootcem 0vimsb eOUHCNBERHBIM 00Pa30M NPOJOANHCEHG HA AA2e0DY INEMEH-
mapHolz mHoscecms (MOKA He JOKa3aHa 0-aJIUTHBHOCTDL 1M, Mbl MOYKEM
rOBOPUTH TOJBKO O KOHEUHO-a[JIUTUBHOM MPOJIOJIZKEHIH ).

Bropoit sTan mpooazkeHnsa Mepbl He Tak odeBuIeH. 14 ero peatu3anun
Tpebyercst onpeiesentas noaroropka. Caepayronas KOHCTPYKIUs SIBJISETCS
abCTPaKTHON Bepcueil naen BhIYUCIeHNs MIIOMMAN C MOMOIIBIO MaTeTKH (HO
pPacCMaTPUBAIOTCS <TAJETKI> CO CYeTHBIM MHOYKECTBOM sTueek!).

Onpenenenne 1. [Tycrs 1 — Mepa Ha anrebpe A C P(X). Onpenennm
6HEULH1010 Mepy TPOU3BOJIBLHOT0 MHOKecTBa E C X clIeLyIonuM o6pasoM:

p(E) =1inf ¢ Y p(A,) : A, € A, EC| A,

(nHMUIMYM GepeTcs 10 BCeBO3MOKHBIM KOHEMHBIM HJIM CIETHBIM MOKPBITHIM
muOKecTBa F snementamu u3 A).

3ameuanme. /lono/nsas KOHEYHbIE TOKPBITHS MHOYXKECTBa F ajieMenTa-
M n3 A MyCTBIMU MHOKECTBAMHU, MOYKHO CBECTH JI€JI0 K CIETHBIM TTOKPHITH-
aM. Bosee Toro, mocTaTrodHO paccMaTpUBATH JUITD TU3BIOHKTHBIE CUETHBIE
TOKPHITHSA, TOCKOIBLKY MBI MOYKeM 3aMeHHTb A, Ha A, \ Ul A;.

Teopema 2 (cBoiicrBa BHemrHel Mepbl). Brewnas mepa obaadaem cae-
QyYrUUMY CBOTCMEAMU:

1) p*(0) = 0;

2) FC E= u(F)<u(E) (monomonnocmno);

3) W (U En) <> p*(En) (0 -noayaddumusnocmy ).
n=1 n=1

A. Jleber ykazan takyio o-aiarebpy A* nmoaMnoxkects MuOZKecTBa R, co-
JIEPKAIIYI0 BCE CTPEJIKH, UTO cyzKenue m*|A* spiagercs (o-auTuBHOl) Me-
poit. Ilpemiokennoe amzke pazsurue uaeit A. Jlebera npunagnexnr K. Ka-
pareoopu.

Bamernm, uro maoxkectBo A C X pazbuBaer muoxkectsBo E C X na e
qact: £ = (ENA)U(ENA’). I3 KoHeqHoii moaya ITHBHOCTA BHEIITHE
MEPHI CJIeJIyeT, ITo

WH(E) < p (BN A) + p'(EN A). (3.4)
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Omnpenenenne 2. Bynem roBoputs, uro muoxectso A C X zopowo pas-
busaem muoncecmeo I C X, ecoim npepiayiiee HepaBeHCTBO 00OpaIaeTcst
B PaBEHCTBO:

WH(E) = w(ENA) + 1" (EN A). (3.5)

CuiemoBaTeIbHO, JJ1sl IPOBEPKH TOTO, ITO A Xopormo pasbusaer F, 10-
CTATOYHO YCTAHOBHTH HEPABEHCTBO, IIPOTUBOMOJIOKHOE (3.4).

Omnpenenenne 3. MuoxkectrBo A C X Ha3bBIBAETCS U -UMEPUMBLM, €CITT
O0HO x0poro paszbunaer Jjirodboe MHOKecTBO F C X.
Cucremy Bcex p*-m3MepHMBIX MHOXKeCTB OymeM obo3Ha4daTh A*.

Jlemma 1. A C A*.

Jlemma 2. Cyorcenue p* na A cosnadaem c pu.
Cuenyromuit pyHaMeHTATBHBIA PE3YJIBTAT CJIYKUT HHCTPYMEHTOM J1J1s1
HOCTPOEHHUS Mep, OIPEIEeIeHHBIX HA o-ajredpax.

Teopema-onpenenaerue 3 (0 J1e6EroBCKOM MPOIOIKEHHH Mepbl). /id
A1000T mepol |1, onpedenennoti Ha anzebpe A MOOMHONCECNE MHOHCECTNGA,
X7

1) cuemema A* 6cex [1* -usMepuMbLT MHOMCECME ecmb T-anzebpa, codep-
srcausan A;

2) cymcenue dynryuu pu* na A* ecmo o-addumuenan mepa, cosnadaro-
was ¢ g Ha A.

Mo cyostcenue Ha3veaemces 1eDeroBCKUM MPOIOIKEHHEM MEPBL [ U 1Mo-
otce 0003HAMACNCA L.

Omnpenenenus 5. 1) Tpoiika (X, B, u), t1e 1 — Mepa, OnpejieieHHAsT
Ha o-aarebpe B mOAMHOXKECTB MHOXKeCTBa X, HA3BIBACTCA NPOCTNPAHCINEOM
¢ Mepot.

2) B cayuae, korma (X ) = 1, Mepa [ Ha3bIBAeTCsI BEPOAMHOCIIHOU, &
npocTpatcTBo (X, B, (1) — 8Epoammocmubim npocmpaHcmeom.

3) Iycrs (X, B, 1) — npocrpancrBo ¢ mepoit, £ € B, Blg == {A C
E: Ae B} ug(A) == pu(A) upu A € B|g. Torna mpocrpancTso ¢ Mepoii
(E, B|g, 1| p) HazbiBaeTca nodnpocmparncmeom npocmparcmea (X, B, ).

Onpenenenune 6. Mepa p nazwiBaercs noanod, eciu u3 toro, 9ro N €
B, u(N) = 0, cienyer, uro w6oe TOIMHOKeCTBO A MHOKecTBa N TOXKE
npunajie:kut B (u, crano 6eth, u(A) = 0).

Yupaxknaeane 2*. Jleberopckoe mponozKenne o000t Mepel moano. Jo-
KazKuTe.
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Pestome. Takum o6pa3om, Besgkas Mepa (i, 3aJaHHas TePBOHAYAIBHO HA
nosryaaredbpe S MOAMHOMXKECTB MHOYKECTBa X, MOXKeT ObITh €IUHCTBEHHBIM
obpasoM TpojosizKeHa Ha o-ajaredbpy A* Bcex p*-m3MepuMbIX MHOYKECTB, U
9TO IIPOJOJIKEHHUE TIOJIHO.

§4. Mepsi Jlebera n Jlebera-Crunarbeca Ha IIPAMOIL

B sTom naparpade 6ymer paccMOTpeH BaXKHBIH caydaii Mep Ha YUCI0BOi
HPAMOiL.

Onpepnenenne 1. [Iycrb F': R — R — neyOniBatomas gpyuknusa. Mepa
Jebeza-Cmuamubeca onipeesisgercs: Ha MoIyaaredpe CTpesiok PaBeHCTBOM

mg([a, b)) = F(b) — F(a), mp((=00,b)) = F(b) — F(-00).

[Ipu sTom F nHasbiBaeTcs ynryuets pacnpedeserus mepu, mp (MIH Tpo-
u3BoOsIel dbyHKImeit).
dcHo, uro mp upu F(x) = x ectb Mepa Jlebera m Ha npsMoii.

Yupaxkuenne 1. /lokakure, 9T0 Mp — KOHEYHO-3JIATUBHAST Mepa, a
HOTOMY 00JIaJIaeT CBOHCTBOM KOHEYHOU MOJIYaIIUTUBHOCTH:

ecrn [a,b) = Jj_,[a;, b;), T

mp([a,b)) < Z mr([aj, b;)).

Teopema 1 (o o-agmuruBHocTH Mephl Jlebera-Crunrbeca). Mepa mp o-
addumuena moezda u Moavko moezda, kozda ee dynkyus pacnpedesenus F
HENPEPBIEHA CAEEA.

CaencrBue 1. Mepa Jlebeza o-addumusha.

Omnpenenenue 2. JleGerosckoe IpoOJOIZKEHIE MEPBL M p (MEPBL M) TaK-
ke HazbiBaercst Mepoii Jlebera-Crunrheca (coorBercrBeHHO, Mepoii Jlebera)
1 0603HaYaeTCst Mp (COOTBETCTBEHHO, M).

Omupenenenne 3. m*-u3MepuMbie MHOKECTBA HA3BIBAIOTCS UMEPUMbL-
mu no Jlebeay.

Yupaxkaenusa 2. /[okaxkuTe caeayionue yTBepKIeHUI.
1)* JIro6oe 0HOTOYETHOE HOAMHOZKECTBO YUCIOBOI IPSMOTT T p-U3MEPUMO.
2) Mepa JleGera c4eTHOTO MOAMHOKECTBA YHCIOBOI IIPAMOiT PaBHA HYJTIO.
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3) mp((a, b)) = F(b)—F(a+0), mp([a,b]) = F(b+0)—F(a), mp((a, b]) =
F(b+0)— F(a+0).

4) Mepa mp HempepblBHA TOTJA W TOJBKO TOTJA, KOTJA HEIPEPbIBHA
dbyukus F (Mepa Ha3bIBAeTCsl HEIPEPBIBHOM, €CJIH Mepa KazKJI0ro OHOTO-
YEYHOI'O HOJAMHOZKECTBA PABHA HYJIIO).

JIT060IBITHO, YTO OOpalleHne BTOPOT'O YTBEPZK ICHUS MPE/IbIIYIIero yiupak-
HeHust HeBepHO. MHOXKeCTBO, TOCTABISIIONIee COOTBETCTBY IOMIH npuMep (<KaH-
TOPOBCKOE MHOKECTBO>), KOTOPOe MbI Ceiiac MOCTPOUM, IPEICTaBJsieT 00-
IeMaTeMaTHIeCKHil HHTepec.

ITpumep 1. Pacemorpum paszbuenue orpeska [0, 1] Ha Tpu paBHBIE UYa-
cru Toukamu 1/3 u 2/3 u ob6o3nadum gepe3 Cy muozxkecrso [0,1/3]L[2/3,1],
nostydatonieecs u3 [0, 1] ynanennem cpensero marepsata (1/3,2/3) mauHbl
1/3. Homyunm 3amxuyToe Muoxecrso ¢ m(Cy) = 2/3. Anasornvno mocry-
mas ¢ orpeskamu [0,1/3] u [2/3,1], moaywaem 3amruyToe Muoxectso Ch ¢
m(Cy) = (2/3)? u T. 1. B pesynbrare Gy1eM nMeTh yOBIBAIOILYO TTOCIEI0BA-
TeJIbHOCTD 3aMKHYThIX MHOXkecTB C) ¢ m(C,) = (2/3)". o oupeuenenuto
kanmoposckoe muoscecmso C = N2, C,,. Ono moaydaercs u3 [0, 1] yaase-
HEeM TocsieioBaTeapHocTn narepsatos (1/3,2/3), (1/9,2/9) u (7/9,8/9) n
T. 1. (X Ha3BBAOT cmeorcrumy aist C). flero, 9o

m(C) = limm(C,) = lim(2/3)" = 0.
n n

[Tokazkem, uro C' mMeeT MOIDHOCTHL KOHTHHyyMa. Kazkmoe 4meyio x €

[0, 1] MOKeT GBITH 3aMUCAHO B TPOUIHON CHCTEMe CUUCJEHUs, T. €. UMeeT

pa3IoKeHne BUIA
o

r=Y a;37, (4.1)

j=1

rae a; € {0,1,2}. Dro upexcrasiaenne (Kak U JBOMYHOE, JECATHIHOE U T.
J.) He BCETIa OAHOZHATHO. A MMEHHO, YUCIO0, I KOTOPOTO 4y 1 < 2, G, =
Upy1 = ... =2 (7. e. ¢ 2 B epuoJie), PABHO YHCIY, Y KOTOPOTO Ay = Apyq =
...=0(r e.c0Buepuose), a a, 1 yBeJUIEHO HA €JJUHUILY (KOHIII CMEZKHBIX
MHTEPBAJIOB ABJIAIOTCA TAKAMHA YACTAME). YCIOBUMCS B TAKHX CJIydYadx BCe-
IJ1a PACCMATPUBATD PA3JIOKEHHUs! ¢ <XBOCTOM JBOEK> (T. €. ¢ 2 B nepuoje).
Torna a; = 1 Torga u Toapko Torga, koraa © € (1/3,2/3); a3 # 1, ag =1
TOrJa U TOJBKO Toraa, korma = € (1/9,2/9) U (7/9,8/9), u T. x. (mposepn-
te!). I109TOMy KAHTOPOBCKOE MHOXKECTBO COCTOMT U3 Tex = € [0, 1], Koropbie
uMeroT TpondHoe pasnoxenne (4.1) ¢ a; € {0,2} mpu Beex j. Ilomoxum
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r; = aj/2 1 paccMOTPUM OTOOpazKeHue

¢:C—>[O,1}::pr—>2xj2_j.

i=1

Ono croopbekTuBrO (Kazkmoe unciao u3 [0, 1] momyckaer mogobHOe TBOHIHOE
pas3yioKenue). 3HAYUT, [0 JEMMe O CPABHEHHH MOIIHOCTEH (cM. TiaBy 1)
|C| > c¢. TTockobKy 0GpaTHOE HEPABEHCTBO OYEBUJIHO, HAIIE YTBEPIKICHIE
JIOKA3aHO.

Paccmorpum orobpazkenne ¢ 6ojiee MOAPOOHO. 3aMeTUM, 9TO €CJIH T U
Y MMETOT TPOMYHBIE DasTokKeHus r = ) =, a;37 my = > b;379, To
r < y TOIJa U TOJBKO TOLJa, KOorma a; = b; jig j < n u a, < b, npn
HekoTopoM n. Ilostomy, eciun Touky x,y € C' He SBJISIOTCI KOHIAMHA CMeZK-
HBIX MHTEPBAJIOB, 1O u3 r < y ciaeayer p(x) < p(y). Apyrumu ciosBamu,
© MOHOTOHHO BO3pacTaeT Ha MHOKecTBe C, M3 KOTOPOTO YAAJCHBI KOHIIbI
CMEZKHBIX HHTEPBAJIOB, T. €. TouKH Buja p3~~. Ecau xe x,y € C aBasioTcs
KOHIIAMHI HEKOTOPOr0 CMEeXKHOTO WHTepBasa, 10 ¢(z) = ¢(y), Tak Kak siB-
JSIOTCH ABYMS JBOUYHBIMU PA3JIOKEHUSIME OJHOIO U TOTO YK€ YHCIa B
q277. TIpomo/mkuM ¢ 10 oToOpazkenus Beero orpeska [0, 1] Ha cebst, nosaras
¢ Ha KazKIOM CMEXKHOM MHTEpPBaJe HOCTOAHHBIM M PABHBIM 3HAYCHUIO HA
ero KoHnax. Bosuukatomas B pedyabrare dynknusa ¢ (Ppyrnkyus Kanmopa)
Oyaer HeybpiBalomeil. A TaKk KaK MHOXKECTBO €€ 3HAYCHHH eCTh BEeCh OTPE30K
[0, 1], — T0 u HempepBIBHOI (OHA He MMeeT CKAYKOB, a JAPYTUX TOYEK Pa3phbl-
Ba ¥ MOHOTOHHO# (byHKIuM ObITh He MozkKeT). ['pacdbuk byHKIMI ¢ WHOTIA
Ha3bIBAIOT KAHMOPoBCckol secmruyet.

Yupaxkaenue 3. [locTpoiiTe KAHTOPOBCKYIO JIECTHHILY Ha HECKOJIBKHUX
CMeyKHBIX WHTePBaIaX.

Sameuanus. 1) Kaxaas u3 Mep mp onpejesena, Boobie roBopsi, Ha
csoeii o-anrebpe A5 (R), 3aBucameii ot F (nmpu F(x) = x Gyaem nmcarhb
A*(R) Bmecto A%(R)). Bmecte ¢ tem, mockonbky cucrema A%L(R) comep-
JKUT BCE CTPEJIKU, OHA, Oyjyuu o-ajiredpoil, coJep:KuT u Bce DopesieBcKue
MHOKeCTBa (IIPOBEPHTE), KOTOPBIe, TAKUM 00PAa30M, OKA3bIBAIOTCS <yHUBEP-
CaJIbHO U3MepUMbIMIT>. [loaTOMY gacTo Mepoit Jlebera-CTuarheca Ha3BLIBAIOT
cyxKeHune mp Ha Bg.

2) Mepsl, onpejie/ieHHble HAa Bg, HA3BIBAIOT Oopenesckumy (Ha TPIMOi;
AHAJIOTHYHO ONPEJIesIsieTcst HopesieBCKast Mepa Ha MpoMexkyTKe). Jlobas 6o-
peneBckas Mepa p Ha R umeer ug mp, tae F(x) = p([0,x)), ecin x > 0,
F(z) = —u([z,0)), eciu x < 0; mig KOHEYHON MepbI [ MOXKHO B3sTh
F(z) = p((—o0, z)) (ynpaxuenue).
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3) Ecau neybouiBarorasi HenmpepbiBHasi cjeBa (dyHKIus [ onpegeneHa
JIWTIH Ha TpoMexkyTKe I = [a,b), TO, TOCTOBHO MOBTOPSIsT TPEIBIIYIINE PACc-
CYKJIeHHd, MBI TTOyIuM Mepy Jlebera-Ctuntbeca Ha 1.

ITpumep 1. /)x. Butanu mokaszasn (MCIOJIb3yst aKCHOMY BBIGOpA), UTO
CYIIECTBYIOT HE M*-m3MepHuMble MHOKecTBa. OTCIoa, B 9aCTHOCTH, CJICIYET,
uro dyHKIusa m* He apjsierca ajuurusHoi Ha P(R).

Koncrpyxkmus Burtann Bkparie takosa. /Ia qucsa u3 orpeska I = [0, 1]
HA30BEM 9KBUBAJICHTHBIMU, €CJIM UX PA3HOCThL pannonaabia. O6pasyeM MHO-
2KecTBO V, BBIOpAB U3 KaxKIOr0 KJACCA SKBHBAJCHTHOCTH IIO OJHOMY 3JIe-
menty. Ecim {¢,} = QN [—1,1], To jerko npoBeputh (MpoBepbTe), Y4TO

0.1] | |(gn +V) c[-1,2].

Ecaun 661 MHOXKecTBO V' OBLIIO M*-U3MEPUMO, TO U3 JIEBOT'O BKJIIOYEHUS CJie-
JIOBAJIO OBI, 9TO OHO UMEET MOJIOKUTEIbHYI0 Mepy (B MPOTHBHOM ciaydae 1 =
m([0,1]) <> m(q,+V)=0). Hotorna 3 = m([—1,2]) > > m(¢g,+V) =
00, — HPOTHUBOpEUHe. 31eCh Mbl BOCIIOJIB30BAJHUCH MEPBLIM YTBEPKICHUEM
CTEIYIONIEr0 YIpPaXKHEHHUs.

Vupaxkuaenne 4*. Jlokaxkure, 4To 115 JI0OOTO H3MEPUMOTo 1o Jlebery
vuoxecrsa A C R u ancen 2, A € R muoxectsa v+ A:={r+a:a€ A} un
A = {)a : a € A} Toxke nzmepnmsl 1o Jlebery u crnpaBeIHBbI DABEHCTBA
m(z + A) = m(A),m(AA) = |A\|m(A). llepBoe U3 3THX PABEHCTB BbIPAXKAET
CBOMCTBO MPAHCAAUUOHHOT, UHBAPUGHMHOCTU MephI Jlebera.

ITpumep 2. Haiinem mepy Jlebera MHOXKecTBa, A TeX TOYEK HHTEPBAJIA
(0;1), B srecsiTUUHON 3alMCU KOTOPBIX 1UdpPa THICSIYHBIX HE PABHA HYJIIO.
Kaxknoe ancio x € A umeer Bug x = 0, x1250x3... = 0, 2129 + 0,000253 . . ..
[Tpu srom muoxkectso B = {0, 2129 @ 12 = 0,...,9}, obpazosannoe mep-
BBIMHU cJIaraeMbIMHU, cocTouT u3 100 371eMeHTOB, a MHOXKECTBO, 0Opa30BaH-
HOe BTOpbIMHU ciaraeMbiMi, ecth {0,000z3... € (0;1) : ; = 0,...,9} =
(0;0,001). Takum obpasom, A" = Uyep(y + (0;0,001)). IHonb3ysicy auuu-
TUBHOCTBIO U TPAHC/SIHOHHON MHBAPUAHTHOCTHIO Mepbl Jlebera, moydaem
rerrepb, uro m(A’) =100- 0,001 = 0,1, m(A) =1—m(A") =0,9.

Yupayknaenue 5*. TTocrpoiite mepy JleGera na e IMHANIHON OKPYKHOCTH
[0 aHAJOTUHU C MOCTpoeHueM Meph JleGera Ha MpsaMoii.

Yupaxknaeane 6.% Ilycth 1 — KoHneunag HenpepblBHag Mepa Jlebera-
Cruntneca na R. J{okaxure, uto p npunumaet Bee snadenns u3 [0, pu(R)].
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B 3ak/modenune paccMOTpUM HECKOJIBKO BayKHBIX ITPUMEPOB Mep Ha Ipsi-
MOIA.

IIpumep 4. Ilycrs {24 }}_; — BO3pacTaomas mocae10BaTeIbHOCTh TO-
ek MPOMeKyTKa [a,b), a aucna p, > 0 (k = 1,...,n). JIerko mpoBepuTh, 410
bynkmua H(x) := Zkﬂrmx pi. He yObIBaeT W HempepbiBHA caeBa (DyHKIMH
TAKOI'O THIIA HA3BIBAIOTCH Pynkyuamu ckauros). [Ipu sToMm Mepa, onpeje-
JgeMast Ha mosyaarebpe CTPeJIOK, COJAePZKAIuXCs B [a, b), paBeHCTBOM

([, 8)) = H(B) = H(a) = Y pi,
kvxke[avﬁ)
eCTh AUCKPETHAS Mepa Ha [a, b).

Kirace mep Jlebera-Cruirbeca, B HEKOTOPOM CMBIC/IE TPOTUBOTIOTOZKHBIH
HIPEJIBLIYIIEMY, JTOCTABISET CJIEIYIONTUM

IIpumep 5. Ilycrs dyHKnus p HenpepbiBHA Ha [a,b). Kak nokassiBaer
dopmyna Heiorona-Jleitoauma, pyHKIus MHOXKECTB, onpeieigeMast Ha, IO-
Jyasrebpe CTPesIoK, colepKaiuxcs B [a, b), ¢ moMornbio naTerpasta Pumana

B

u(la, B)) = / p(x)d,

«

ectb mp, tae F(z) = [7 p(t)dt (nposepsre).

3amMeuyaHue. 10 IACTHBIN CaIydail Mephl, ADCOTIOTHO HEITPEPBIBHON OT-
HOCHTEJILHO Mephl JIebera. Obmuii caydai OyaeT paccMOTPeH B CJieLyIonei
raase.
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I'maBa 3. Uuarerpan Jlebera

B nannoit riaBe 6ymaer onpesesen naTerpas Jlebera u ycraHOB/IEHBI €10
OCHOBHBIE CBOWCTBA.

§1. Ismepumbie pyHKITNN

[Ipexkje deMm nepexoJuTh K MOCTPOCHHUIO MHTerpaJja Jlebera, BbIsICHUM,
Kakue (PYHKIUKA MBI OYJeM UHTEIPUPOBATD.

Berony Huzke (X, B, 1) ecTh IPOCTPAHCTBO ¢ 0-KOHEUHOIN Mepoil (Mo1eib-
ubiit ipumep — npocrpancrso (R, A*(R), m)). Muoxecrsa us B 6y1em Ha3bi-
BATh [(-U3MEPUMbLMU (H3MEPUMBIMHI, €CJTH SICHO, O KAKOH Mepe HIeT pedb).
Hns dyuxmum f : X — R, ¢ € R gepes X(f < ¢) 6yaem 0603Ha9aTH MHO-
xecrso {r € X : f(x) < c¢}. Hpyrumu caosamu, X (f < ¢) = f~1((—o0, ).
Ananornunsiit cmbica numeroT Beipaxkenns X (f > ¢), X(f <c¢) n 1. x.

Omnpenenenne 1. Qyukuus f: X — R waseiBaercst p-usmepumoti (u3-
MEPHMOH, ecyin sICHO, O Kakoii Mepe ujer peub), ecau X (f < ¢) € B pis
aoboro ¢ € R.

*Ecam (Q, F, P) — BeposiTHOCTHOE TPOCTPAHCTBO, TO W3MepuMast (byHK-
g Ha HeM HA3BIBACTCS CJIy4aiHON Beamamuoi™.

Onpenenenne 2. Oyuxknua [ : R — R nHassiBaercsa bopeaesckot, ecin
X(f < ¢) € Bg qa moboro ¢ € R.

Yupaxkuenne 1. /lokaxure, 410

1) mocrosaaas GyHKINS U3MepHuMa,;

2) HempepbiBHAs QYHKINSA HA TPAMOil SABASETCsT GOPETEBCKOIT;

3)* dbyukuusa f : R — R Gyger GopeneBckoil Torja u TOJIBKO TOLJA,
Korja mpoobpas (mpu orobpaykeHun f) JT06Oro GOPESEBCKOTO MHOKECTBA
SABJSIETCS OOPETeBCKUM MHOYKECTBOM.

Teopema 1 (0 paBHOCHJIBHBIX OLPEEICHUSAX U3MEPUMOCTH ). JLas hymk-
yuu f 1 X — R caedyrouue ymeepotcoenus pasHOCUNHDL:

1) X(f < c¢) € B daa mobozo ¢ € R;

2) X(f <c¢) € B daa awbozo c € R;

3) X(f > c) € B das mobozo ¢ € R;

4) X(f > ¢) € B dan abozo ¢ € R.

JlokazaTesbcTBO POBOAKUTCS 110 cxeme 1 = 2 = 3 = 4 = 1.
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Hanpumep, moxkaxkem, uro 1 = 2. Jus sroro samernm, aro (f(z) <
c) <= (Vn €N f(z) < ¢+ 1/n). CrenosaresnHuo,

X(f<e)= ﬁX(f<c+1/n)eB.

CnencrBue 1. Ecau dynkyua [ usmepuma, mo usmepumvs maksice u
sce mnoocecmea euda X(a < f <b), X(a < f<b), X(a< f<b), X(a<

f<b), X(f=0).

Yupaxknaenne 2.* [Tycts dynknug f : X — R p-usmepuma. Jokazkure,
aro npoobpas f~!(B) 6openesckoro muoxkectsa B C R ecThb p-m3mepumoe
MHOYKECTBO.

Kitacc m3Mepumbix pyHKIMil, KaK MPaBUIO, OYE€Hb IMUPOK, B Y€M HAC
yOerK1al0T CAeYIONINe Pe3yIbTaAThHI.

Teopema 2 (0 COXpaHEHNH U3MEPUMOCTH TIPH KOMTIO3HIUH ¢ HEIPEPhIB-
Hoit bynkmueit). Ecau 0 — omxprimoe muoocecmeo 6 R?, dynwyua F 2 Q —
R nenpepwsna, a dynxyuu f,g usmepumos wa X, npusem (f(x), g(x)) €
npu xascdom © € X, mo wa X usmepuma maxoce u pynryus F(f, g).

CaencrBusa 2. 1) (Coxpanenne m3MepUMOCTH NpH apudMeTHYECKHX
onepanusx Haj byakuusMu.) Cemeticmeo usmepumvir Ha X @Gynruyud 06-
pasyem arzebpy 0MmHOCUMEABHO NOTNOYEUHOLT ONEPAUUT CAOHCEHUS U YMHO-
orcenus Pynkyul, a marsce YMHONCEHUA GYHKUUL Ha YUCAO.

2) Ecau dynruyun f,g usmMepumbvs, mo USMEPUMbL MAKHce U GYHKGUL
max{ f, g}, min{f, g}. B wacmnocmu,

3) usmepumv, pynryuu ft:=max{f,0} v f~ := —min{f,0} (monoxknu-
TeJIbHAs M OTpUuATeNbHas dactu f), a makoce dynkyua |f| = fH+ f.

Vuopaxkuenus 3. 1) Jlokaxure, 9T0 4aCTHOE JIBYX U3MEPUMBIX (DYHK-
i TaK:Ke eCTh u3MepuMast (DYHKIMS TP YCJIOBHH, YTO 3HAMEHATE/Ib HULIe
He oOpalnaeTcs B HY/Ib.

2)* Tlycrs dbyukuus f uamepuma. Jlokaxkure, uro kommnosunuss D o f,
rie D — dyukiug {upuxie, Toxke uamepuma.

3)* Ilycre dbyakmun f: R — R u ¢ : R — R Gopenesckue. /Jokaxkure,
9TO KOMIO3UIUsS f O (o TOXkKe ecTh GopeseBcKas (hyHKIUs (a TOTOMY M-
H3MEpHMA).

Teopema 3 (0 cOXpaHeHUM U3MEPUMOCTH IPU HPEJIEJIBHOM HEPEXO/E).
FEeau (f,) — nocaedosamenvrocmo dynryud, usmepumux wa X, mo usme-
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PuMbL Makdtce GYHKEUUU
g1 =sup fn, go =inf f,, g3 =limsup f,, g4 = liminf f,.

B wacmuocmu, usmepuma pynryus g = lim, f,, ecau npedes cywecmsyem.

Yupaxkuenne 4. /lokaxkure, 9To mpouso/nas qudepeHnupyemoii Ha
HEKOTOPOM HHTEepBaJie YUCI0BOM npsaMoit hpyHKIMN u3MmepuMa 1o Jlebery na
9TOM HHTEpPBAJIE.

Beraennm caeayioniuii BayKHBINH KJIacC U3MEPUMBIX (DYHKITH.

Onpenenenne 3. Pyuxnus ¢ : X — R nazuiBaercda npocmot, eciam oHa
U3MepUMa U MHOXKECTBO €€ 3HAYCHUH KOHEYHO.

BaxXHbIM TpUMEpPOM MPOCTOH (DYHKITHU SABJIAETCA UHIUKAMOD MHOHCE-
cmea A C X (xapakrepucruveckast gpyHkuus A), omnpeessieMblil paBeH-

CTBOM
(z) = 1, x €A,
Xa\®) = 0, z¢ A

(I/IH,ZLI/IKaTOp IIyCTOro MHOZKECTBa CUYHUTAECTCA pPpaBHBIM HYJIIO)

Yupaxkuennd 5. /lokaxure

1) mpocToTy WHIMKATOPA H3MEPUMOIO MHOYKECTBA;
) PABEHCTBO XAXB = XAnB;

) PaBEHCTBO | X4 — XB| = XAaB;

)

)

)

W N

umiinkauuio AN B =0 = x4+ XB = X4uB;
uMIIIKanuio A D B = xa\B = X4 — XB;
nminkanuio A, T A = ya = lim, x4, .

(&)

6

JlemMma 1 (0 KAHOHHYECKOM ITpeJICTaBIeHUH TIPOCTOi dbyHkuuu). Jrobas
npocmas PyHKUuA eOuHCMBEeHHbIM 00PA3OM NPEOCTNABAAEMCA 6 ude

n

p(x) =) aixa, (@), (1.1)

i=1
ede wucaa a; nonapHo padsuvns, A; € B, X = U7 A,

Yupaxkuennd 6. /lokaxkure, 9410

1) mpocrbie byHKIHME 06pa3yOT AJIrebpy OTHOCHTENBHO HOTOYEIHBIX OIle-
paIuii cJIoKeHUusT ¥ YMHOXKeHHsI (PYHKIIMM, a TaKyKe YMHOKEHUsS (DYHKIIHH
Ha YHCIIO;

2) nuHeiinas KOMOUHAIMS HHIUKATOPOB Y ., by p,, Tae duciaa b; mouap-
HO pa3JIM4yHbl, a MHOXkecTBa B; C X monapHo He NepeceKaloTcsd, SABJIAeTCS
npocToit (pyHKIHeil Toraa u TOJBKO TOraa, Korjga B; € B;
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2) dbynknusg max{ei, ..., ,} ABIAETCS TPOCTO BMECTE C ©1, ..., Qp.
Cuenyiomas Teopema OyaeT sl HAC CJIYKUTh OCHOBOI BCEl Teopun nH-
TerpupoBanus 1o Jledery.

Teopema 4 (06 annpoKCUMaIMi K3MePUMbIX DYHKIMI TpoCThIME). a4
410001 neompuyamenrvrot usmepumots dynryuu f na X cywecmeyem ma-
K@ N0CACO06AMEALHOCTID HEOMPUUAMEALHHT NPOCMuT ynkyull ol wmo
ol () 1 f(x) nomoueurno na X.

Yupaxkuenue 7. /lokaxkure, 9TO MOCTPOEHHAS BHIIIE TOCIEI0BATEhH-
HOCTD () MPOCTHIX (BYHKIMH CXOMUTCs K f PaBHOMEPHO, €C/IH f OrpaHmdeHa.

Ounpepnenenne 4. [0BOpAT, 9TO HEKOTOPOE CBOMCTBO BBINOJIHSIETCSA HA
X p-noumu 6ctody (COKPAIEHHO [i-T1.B.), €CJIU OHO HE BBIMOJHSAETCS JIUIThH
HA MHOYKECTBE MEPbI HyJIb.

B ugacrtHOCTH,

- roBopsT, uro GyHkuun f, g Ha X pasno p-n.e. (u mumyt f = g p-n.B.),
ccan u(X(f # g)) =0

- TOBOPAT, 4TO IOCJeI0BaTeaIbHOCTD f, dbyuknuit nHa X cxodumca % f
p-n.6. (u mamyr f, — fu-w.s.), ecom pu(X(f, 4 f)) =0.

Yupaxkuennd 8. [lycts p — nosinag mepa. Jlokazkure ceyolime yTBep-
JKTEHUST:

1)* ecu f = g p-n.B., a Gynkuug f usmepuma, 10 DYHKIHUA § TOKE
U3MepuMa;

2)* ecmu f, — fp-n.B., a Gyuruu f, u3mepumbl, To GyHKIHUA f TOKE
U3MEPUMA.

[Ipencrapiaser mHTEPEC TAKYKE CJIEAYIONUI TUI CXOTMMOCTH MOCJIETI0BA-
TEeJIbHOCTH U3MEPUMBIX (DYHKITHIA.

Oupenenernne 5. [0BOPAT, YTO MOCIEA0OBATETHLHOCTD [, H3MEPHMBIX
dbyuknuii Ha X cxodumes k [ no mepe (u mumyt f, — f mo Mepe u, a
Taxxke f, — f), ecmn Ve > 0u(X (| fn — f| > €)) — 0 (n — 00).

*B ciiydae BEPOSTHOCTHON MEPbI BMECTO CXOJAMMOCTH 110 MEPE TOBOPST O
CToduMOCmU No 8ePosMHOCIU. ™

Mexk 1y pa3/JIMaHBIMI THIIAMHU CXOIUMOCTH CYIIECTBYIOT HHTEPECHBIE CBSI-
3, U3 KOTOPBIX MBI OTMETUM CJIEYIOIIHE.

Teopema 5 (teopema Eroposa). Iyems u(X) < oo. Ecau nocaedosa-
MmeAbHocmS USMePUMBLT Ha X dynwyutd f, — fu-n.e., mo dasa moboz2o no-
A0HCUMENDHO020 € Haldemea makoe usmepumoe E. C X, p(E:) < €, wmo
fn cxodumesa % f pasnwomeprno na E..
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VYupaxkuaenue 9*. Jlokaxknre yrBepzKaenue, ooparnoe reopeme Eropo-
Ba.
M3 TeopeMbl EropoBa J1€rKO BBITEKAET

Caencreue 3. Ilycmov u(X) < oo. Ecau f, — fu-n.e., mo f, —
f no mepe p.

3ameuaHme. Y TBepkKIeHHE, 00paTHoe cieJcTBuio 3, HepepHo. Ho Mmox-
HO MOKA3aTh, 9TO €CJIM MOC/JIeI0BATEIbHOCTD f, — f 10O Mepe [, TO y Hee
CYIIECTBYET TOIOCIEI0BATEbHOCTD, CXOAAIIASICS [-T1.B. K (DYHKIUN f.

Bameuanne. Oynkmus f : X — R co 3na4eHUAME B PACIIHPEHHOM IIpsi-
Moit R (T. e. IpHHAMAIOMASA, BO3MOKHO, H GeCKOHeTHbIe 3HATCHNS ) Ha3hIBa-
eTCsl UBMEPUMOTi, €CITH, B JTONOTHeHUE K yeiaoBuio X (f < ¢) € B mis aoboro
¢ € R, Buimosnsitores rakzke yeiaosus X (f = 4o00) € B, X(f = —0) € B.

BHaunTEIbHAS YACTD JIOKA3AHHBIX BBHIIIE TEOPEM MEPEHOCUTCS U HA TAKIe
dbyukun (mpoephre).

Berosy Jasee, ecin He OTOBOPEHO TPOTUBHOE, BCe (DYHKIUH OYIyT CUH-
TATHCST U3MEPUMbBIMU.

§2. Uurerpan Jlebera
Mpur onpesesnm uHTerpas Jlebera B Tpu drama.
2.1. IarerpupoBaHue HEOTPUIIATEJIbHBIX MPOCTHIX (DYHKITHUH

B sTom pazzgene 6yayT paccMaTpuBaThbes GYHKIUN, Y KOTOPBIX HHTErpa-
JIbI BBIPAXKAIOTCHI KOHEYHBIMUA CYMMAaMU.

Onpepnenenne 1. [lycts ¢ — mHeorpunaresibHas npocras QyHKIHA Ha
X ¢ KAHOHMYECKUM T PEJICTABICHHEM

¥ = Z AiXA;-
=1

HUnmeepan Jlebeza pynryuu @ onpeaensercs PaBeHCTBOM

n

/ p@)du(x) = 3 asu(A) (2.1)

X =1

(kax 06bI9HO, MBI cuuTaeM, 4ro 0 - (+00) = 0, ¢ - (+00) = 400, ecau
¢ >0, (+00) + (+00) := 400, TaK Y4TO MHTErPAJ MOKET PABHITHCS +00).
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Ucnomssyorcs rakzke oGosnadenus [y odp, [y o(x)p(dz).

Vopaxkuenue 1. Jlokaxure, uro paBeHcTBO (2.1) coxpaHsiercss u TO-
[J1a, KOTJa 9HCIA @; B IIPEACTaBIeHAN (DYHKIUH ( HEe FBJSIOTCS MOIAPHO
Pa3IMIHBIMHA.

[Ipenpiayiee ompenenaeHne o0OOIIAETC CAETYIONAM 00Pa30M.

Onpenenenune 2. [lycrb ¢ — HeoTpunare/ibHas HpocTas (QyHKIUSA HA
X ¢ KAHOHMYECKHUM T PEJICTABJICHHEM

¥ = Z AiXA;-
=1

HUnmezpan Jlebeza dynruuu © no muoocecmey B € B onpenensercs paBeH-

CTBOM
/ pdp = / oxEdp.
E X

B reopuu Jlebera nnrerpasibl 0T HpOCTbIX (DYHKIMI UTPAIOT POJIb UHTE-
I'PAJBHBIX CYMM.

Teopema 1 (cBoiicTBa WHTErpaia OT HEOTPUIATETBHBIX TPOCTHIX (DYHK-
nuit). Eeau dynrwyuu o, ¥ neompuuamenvroe npocmoie, ¢ > 0, mo

1) fcsO(x)du(l‘) = CIsO(l‘)du(fr),

f(g& +)dp = f godu - f Ydp (nososcumenvras aunetinocms);

2) p<Y= fgpd,u < fwdu (MOHOMOKHOCTYD );

3)v(E) = fgpd,u ecmov mepa wa B (o-addumuenocmo).
B
[Ipu onpejenenun uurerpaia ot dbyHKImiE 0611ero BuIa Jajiee OTIeJbHO

OyIyT PACCMOTPEHBI CJIYYal HEOTPHIATENbHBIX U 3HAKOIEPEMEHHBIX (DYHK-
nuil (1 97O He YAMBHTEIBHO, TAK KaK yKe Ha HpuMepe mHTerpana Pumana
BUJIHO, YTO MHTETPAJIbl OT (PYHKIHMI 3THX KJIACCOB UMEIOT Pa3HbIi reoMeT-
pUYECKUil CMBICT).

2.2. InTerpupoBaHue HEOTPUIATEJIbHBIX U3MEPUMbIX (DYHKITHI

Onpenenenne 3. [lycts [ ecTh HeoTpuilaTebHas u3Mepumas (HYyHK-
nng Ha X (IpUHEMAONTas, BO3MOXKHO, 3HaYeHHE +00), a ! — mocaenosa-
TEJILHOCTH TPOCTHIX (PYHKINH, MOCTPOCHHAS IIPH JTOKA3ATEIHCTBE TEOPEMBI
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00 ammpokcuManuy pyHKIuH [ mpocreiMu. Humeepasvrvie cymmol Jlebeza
dyuknun f onpemenum caegyrIuM 00pa3oM:

5,(1) = [

X

Onpenenenne 4. Humeezpan Jlebeea om neompuyamesvroti usmepumotl
dynryuy f ra X (IpuHUMAOIEH, BO3MOXKHO, 3HAYEHHE +00) ONMpeIe/iM
KakK IIpeJaes nHTerpaJbHbIX CYyMM:!

[ fin = 1w 5,1

X

(ucnome3yrorcs Taxzke obosmauenus [y f(x)du(z), [y f(x)u(dr)). Scuo,
qTo npees (KOHeUHbIi Wi GeCKOHETHBIN ) BCera CyIecTBYeT B CUIy MOHO-
TOHHOCTH MOC/IEJI0BATEIBHOCTH WHTErPAJIOB, BbIPAZKAIONINX HHTErPATbHBIE
CYMMBI.

Kpome 1oro, 910 oupejiejenne CoriacoBaHo € OUPEIEJEHUEM MHTerPa-
Jla OT HeOTpHIaTeNbHON mpocToil pyukiuu. B camom nene, mycts [ ecTh
HEOTPUIATEIbHAS IPOCTas (DYHKIMS ¢ KAHOHMYECKUM IPeJCTaBaeHneM f =

N . :

S aixa,. o ompenenennio of|4, = k(n,i)/n, tie k(n,i)/n < a; <
(k(n,i) +1)/n. IlosTomy

)4 = 3 aant )

n -
=1

n—oo

N
lim [ pfdp = lim Z

[ToroxxumM TakzKe

E/fdu rZX/fXEdu (£ € B).

Omnpegenenne 5. Ecu [, fdpu < 0o, 10 (Heorpurare/buyio) byHKIIO
f masmiBatoT unmezpupyemots no Jlebeey (cymmupyemot) va muoxkectse E.
Ham monamobsres cieayomue cBOCTBa BBJIEHHOIO HHTErpaJia.

Jlemma 1. Ecau dpynuxuyuu f, g Heompuuamenvun, a E1, Fs € B, mo
1) f<g= [ fdu< [gdu (moromonnocms);
X X

2) By C Ey= [ fdu< [ fdp.

Eq E>



Crenyromas TeopemMa O TpeaebHOM Mepexoje MO 3HAKOM HHTEerpasa
odYeHb moJjie3Ha. B yacTHOCTH, U3 Hee OyIeT ¢JIe/I0BaTh TOJIOKUTEIbHAS JIH-
HEHHOCTH MHTErpaJja 0T HeOTPUIATEIbHBIX (DYHKIHIA.

Teopema 2 (teopema B. JleBu, win TeopeMa 0 MOHOTOHHOM CXOIHMO-
cru). Ecau dynkyuu f, neompuyamenvno, u fo(z) T f(x), mo

n—oo

i [ fu(e)duta) = [ f@)duta)
X X

Yupakaenue 2. /lokaxkute, 9410 B TeopeMe b. JleBu ycjioBue MOHOTOH-
HOCTHU HEJIb35 OTOPOCHTD.

13 teopemsl b. JleBu BbITeKaeT 6oJiee yjpo0HOe oIIpejeeHue HHTEerpasia
OT HEOTPHUIATEIbHON (DYHKIUH.

CnencrBue 1. llycmo dynryusa [ neompuyamesvra, u @, — MaKaa

nOCAC00BAMEALHOCTIVD HEOMPUUAMENLHOT NPOCMUT hynKyud, wmo ¢, () 1
f(z). Toeda

[ t@uta) =t [ ou@)auta)

CaencrBue 2 (0 NOJOKUTENbHON JTUHEHHOCTH WHTErpaja OT HEOTPH-
nareapbHol GyHKIuu). Jas 41066 HEOMPUUAMEALHUET USMEPUMBEL Ha X
Pyrkuust Uy, Uz U HEOMPUYAMENOHBLT YUCEA C1 U Co

/ (crun(z) + cats(2))dp(z) = o1 / wi (2)dp(z) + o / wa(2) ().

X X X

Cdhopmymupyem Teopemy b. JleBu Ha s3bIKe psiIoB.

Teopema 3 (Teopema B. JleBu 06 uHTerpupoBanny cymMMmbl psaia). Eeau
PYHKUUY Uy HEOMPUUGMENLHYL U UBMEPUMBL HA X, MO

/ nfjlum) ) = :01 [ teinte)

Cdopmyupyem eliie 0jiHy TeOpeMy O IIPEJEJAHHOM MePexXo/ie M0/ 3HAKOM
MHTerpaJa.
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Teopema 4 (aemma Pary). Ecau gynryuu f, nHeompuyamesvHvs U u3-
MEPUMBL Ha X, MO

liminf/fndu > /(liminf fn)dp.
X

n—00
X

Caenyromuii pe3yabTaT MOYKeT TPUMEHATHCS 171 TOKa3aTeIbCTBa, HWHTe-
IPUPYEMOCTH TIpejieia (PyHKIUOHAJIBHON 1OC/IeI0BATEIbHOCTH.

CaencrBue 3. Ecau dpynxyuu f, neompuyamesvus, t uHmezpupyemoi
na X, npuvem f, — f n. 6. u

c:sup/fndu<oo,
"X

mo pynryus [ unmezpupyema u fX fdu <c.

Yupaxkaenue 3. [lokaxkuTe Ha mpuMepe, YTO B YTBEPXKJIEHUHN JIEMMBI
PaTy MOXKET UMETh MECTO CTPOToe HEepPaBEHCTBO.

Sameuanus. 1) B teopemax B. Jlesu u jgemme Dary ycioBue HeoT-
pUIATETLHOCTH (DYHKIMI MOYKHO 3aMEHUTHh HA HEOTPHUIATEIbHOCTb HMOYTH
BCIOJTy. DTO JIETKO CJIeAyeT W3 TOrO, 9TO WHTErpaJibl OT (DYHKIHil, PABHBIX
IOYTH BCIOJLY, COBIAJAIOT (CM. HUKE CJeJICTBHe 2 HepaBeHCTBa eObiineBa).

2) Yacro unrerpas JleGera or HeoTpUIATEbHON (DYHKIMI f Ompeaesis-
0T KaK CYIIPEMYM WHTErpajioB OT He MPEBOCXOAAIINX f HEOTPHUIATETHHBIX
npoctbix dbyskumii (cMm., zHanpumep, [10]), a npuHITOE B JAHHBIX JEKIHSIX
orrpejiesieHne CTAHOBUTCS TOTJA cjejicTBreM TeopeMbl b. Jlesu. /laBas narre
oIIpe/iesieHue, Mbl XOTeJN HOIePKHYTh, YTO 3BPUCTUYECKUN TPUHITII <HH-
Terpaj — 9TO TpeJies HHTerPAIbHBIX CYMM>> CIpPaBeJJIUB U JIJIsi HHTerpaJja

JlebGera.

2.3. NaTerpupoBaHne 3HaKOIEpEMEHHBIX M3MEPUMBIX
byukinii

HamomuuM, 9TO MOJIOKATETbHAST U OTPUIATebHAs dacTd byHkmud [
onpegensorcs pasenctamu f1(x) := max{f(x),0}, f~(z) := — min{f(x),0}.
OuesBnano, uro f = f* — f~.

Omnpenenenune 6. I13mepumvas Gynknus f va X (npuHEMaromas, Bo3-
MOXKHO, 3HAYEHHUE +00) Ha3bIBALTCsT unmezpupyemots no Jlebezy (cymmupy-
emoti) Ha X, ecu ee MOJOKUTEIbHASI U OTPUIATETbHAS] YACTH UHTErPHDPY-
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eMbl, T. €. [ x fEdp < co. B 3TOM cirydae ee WHTETpaJl OIpeedeTcs PaBeH-

o [ in= [ rrau- [ £an

X X X

[Tockosibky Kakjaoe u3Mepumoe TMOJAMHOXKecTBO FE mnpocrpancTtBa X camo
SIBJISIETCHA MPOCTPAHCTBOM C MepOif, MOXKHO TOBOPUTH U O (DYHKIUSX, HHTE-
IPUPYEMBIX HA MHOXKecTBe F.

*Eciau (Q, F, P) — BepOSTHOCTHOE IIPOCTPAHCTBO, & [ — CJjydaiiHas Be-
auawHa Ha {2, To nHTerpan Ef = fQ fdP Ha3piBaeTCs ee MaTeMaTHIeCKIM
oxKuganneM.*

MuoxkecTBO Bcex mHTerpupyeMbix 1o Jlebery Ha F dyHKnuit o6o3Ha1a-
erca LY(E, p) (Bmecto LY X, p) mumryt eme £1(u)).

B cayugae, xorna E ecTh MPOMEKYTOK YHCIOBON MPAMO# ¢ KOHIIAMH @ 1
b, uuTerpaJ OTHOCUTEIbHO Mephl Jlebera m 1mo muoxKecTBy E obo3HadaeT-
cd ff f(z)dz, (nmm (L) fabf(x)dx, €CJIM XOTAT HOJYEPKHYTH, YTO PEYb HJIET
uMenHo 06 uurerpaje Jlebera), a MHOXKECTBO BCEX MHTEIDUPYEMBIX OTHO-
curebHo Mepbl JleGera wa E dyuknuit obosnauaerca L'(E) (manpumep,

L'a,b], L}(R)).

VYupaxkuenue 4*. [Tycrs mepa p nosma, N € B, u(N) = 0. Jokaxure,
uyro Jjbdas ¢yukiug h : N — R unarerpupyema va N u fN hdp = 0.

Vupaxkuenue 5% Jlokaxure, uro miga moboit dynkuuu f € L1(R)
CHPABE/JIMBO TOKJIECTBO (HABBIBACMOE MPAHCAAUUOHHOT UHBAPUAHTIHOCTDIO
UHMeE2PaAG)

/ f( — y)dm(z) = / f(@)dm(z) (y € R).

Teopema 5 (TeopeMa o muuelHOCTH HHTErpata). Muoscecmeo L1( X, p)
OMHOCUMENDHO NOMOYEUHO20 CAONHCEHUA GYHKUUT U YMHONCEHUA UT HA
CKAAAD ABAAEMCA BEKMOPHOLM NPOCMPAHCINEOM, U UHMEZPAA HA HEM 00-
Aadaem ceolUcmeom AUHETHOCTIU, G UMEHHO,

/ (eufs(2) + cafole))dp(x) = e / fi(@)dulz) + ¢ / fo()dp(z)

X

ona mobuix fi, fo € LYX, 1) u a006x wucen ¢y, cs.

Hawm motpebytorcesa ciemyroniue cBOCTBa HHTerpaJa.
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CeoiictBo 1 (cBoiicTBo abcomoTrHocTH HHTErpasa Jlebera). Pynryua f
npunadaesicum npocmpancmey L1(X, 1) odnospemento co ceoum modyiem.

Yupaxkuenue 6. /lokaxkure, uro uarerpaJ Pumana He obJaaer cBoii-
CTBOM aOCOJIIOTHOCTH.
MmeroT MecTo TakzKe CJIeIyIONKe BaykKHbIe CBOiicTBA MHTerpaJa Jlebera.

CsoiicTBO 2 (cBOiicTBO MOHOTOHHOCTH MHTEerpana). [lyems dynkyuu f
u g unmezpupyemw u f < g. Toeda [ fdu < [ gdp.
X X

CsoiictBo 3. Ecau f € L'(X, ), mo | [ fdul < [y | fldp.

CeoiicTBo 4 (npusHak cpaBhenus). Ilycmo dynruyus g neompuyament-
Ha u unmezpupyema wa X, a usmepumas na X dynxuyua [ ydosaemeopiem
nepasencmey | f| < g. Toeda dynrxyus [ moorce unmezpupyema na X.

Yupaxkueramne 7. Jlokaxkure, 4TO aHAJOIMYHLIA TPU3HAK CPABHEHUS
Jiig uHTerpaga Pumana HeBepeH.

CeoiicTBO 5 (j1ocTatounoe yciaosue uwaTerpupyemocth). Feau pu(X) <
00, a Pynkyua f usmepuma u ozpanuvena, | f(x)| < M, mo f unmeepupy-
ema na X, u cnpasedausa overra | [ fdu| < Mu(X).

CaoiicTso 6 (mepasencTo Yeonimena). Jaa w060t gynryuu f € LY X, 1)
u wucaa ¢ > 0 enpasediuso Hepasercmeo

p(X(Uf 2 o) < - [ Ifldn

Caencreue 4. [ |fldp=0< f=0mw B
X

CaencrBue 5 (teopema 06 skBuUBaJIeHTHHIX byHKIUsAX). Eean f = ¢
p-u. B., 1o [y fdp = [, gdp.

3ameuanmne. Nuorga dyaknun f u g, KOTOPbIe PABHBI [i-1I. B., HA3BIBAIOT
(u-)oK6UEAAEHMHVLMU, & MHOXKECTBA HYJIEBOH (- )MePhI — ([1)-npeHebpescumvLmu,
IOCKOJIBKY B BOIPOCaxX (j-)U3MepUMOCTH W WHTerpupoBanus (0 Mepe fi)
TUMH MHOXKECTBAMU MOYKHO TpeHeOpedb (CM., HApuMep, TeopeMy 00 K-
BUBAJICHTHBIX (DYHKIUAX, YCTAHOBJIEHHYIO BBIIIE).

IIpumep 1. Boraucaum [, D(cos z)dm(z), rae D — bynkuusa Tupuxie.
Mo onpeaenenuto Gyunknuu Jupuxie, D(cosx) = 1, ecnm cosz € Q, u = 0,
ecam cosx ¢ Q. Ho muoxkectBo {x : cosx € Q} cuerno kak 00beMHEHNIE
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CYETHOTO 4HCIa cdeTHBIX MHOkecTB. CienoBarensbno, D(cosz) = 0 1. B., a
noromy [, D(cosz)dm(z) = 0.

Samevanne. Ecim dyuknus f 3amaHa JHIIb (-1 B., TO Mbl MOZKEM
CYHTATh ee MPOIOIKEeHHOI Ha Bce MHOXKecTBO X . [lo ciemcTBuio 2 naTErpa
OT TPOJIOKEHHO! (DYHKIIUKA HE 3aBUCUT OT CIIOCODA TPOIOTKEHHSI.

Vopaxkuenus 8. 1) Jlokaxkure, uro jsiobas Gynknus f: X — R unre-
rpupyema 110 mepe npaxa o, (a € X) (cm. mpumep 1 B riaBe 2) u BBIYACIUTE
[ fddq.

2)* Ilycrb p — puckperHas Mepa (cM. npumep 2 B rrase 2). /lokazkure,
aro g moboit dbyakmun f € L1(X, 1) cipaBeinBo paBeHCTBO

[ fdn=3 fan

Yupaxuersnd 9. /lokaxure, 410

1)* ecim dynxmust f > 0 HA MHOXKecTBe E 10JI0XKUTEIbHON MepBI, TO
[y fdp > 0;

2)* econ [, fdp > 0 nus moboro usmepuMoro Muozxkectsa £, 1o f >0
J-TI. B.

VYupaxkuaenne 10*. [Tycts Mepa p KoHedHA, 8 MHOKECTBO X €CTh 00b-
eJIMHEHNe TPeX M3MepuMbix MHOXkKecTB A, B, C, mpudyeMm KazKjasi TOYKa U3
X TpUHAJJIEKUT POBHO JBYM U3 HEUX. /loKaxkuTe, 4TO

u(A) + u(B) + p(C) = 2p(X).

3ameuanmne. arerpan Jlebera komiiekcHo3HaIHOM dyHKIMA f = u +
w : X — C onpenensierca no jmaeiitnoctu. [Ipu 3TOoM BCe cBoiicTBAa MHTE-
rpaJia, IpuBeJIeHHbIE BBIIE U BhIpayKeHHbIe DABEHCTBAMU, & TaKKe HepaBeH-
CTBAMU, COJAEPZKAIINMH JIUITh MOJLYJIH, COXPAHSIOTCs (IIPOBEPHTE).

B manbmeitmem MbI mpuMeM ciaenyiotiee coriarienue. Eenn dyukusa f
orrpejieieHa JIMIb Ha U3MEPUMOM OAMHOZXKecTBe [ mpocrpancra X ¢ Mme-
poii , 1o Oymem cunTarh ee paBHoil Hysmo Ha X \ E. Ilpu s1om fX fdu =
| 1 fdu (ecm mETErpa cymecTByeT), i GOIBIIHHCTBO PE3YILTaTOB, ChOPMY-
JUPOBAHHBIX HHUZKe 1715 [, fdju, Jerko mepeHocaATCs Ha CIydaii HHTerpasos
0 MOJMHOXKECTBaM (pPa3yMeercs, 370 He OTHOCHUTCS K TeopeMaM, TJe pedb
UJIeT O TOH WM WHON 3aBUCHMOCTH WHTErPAJIOB OT MHOZKECTB, M0 KOTOPBIM
BEJIETCS WHTEIPUPOBAHNE).
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§3. ITpenenbHBIN mepexon moja 3HAKOM MHTerpaJsa Jlebera

TeopeMmbl 0 HpeJEIBLHOM HEpPeXoIe 1101 3HAKOM MHTEerPajia yTBEepzK/1aloT,

ecom Mbt nostoxknm I (f) = [ fdp, aro coornomenue f,, — f npu oupemenen-
be
HBIX yCI0BHAX BiaedeT coornomtenue [(f,) — I(f). Takum obpazom, kax mast

U3 HUX BBIPAKAET HEKOTOPOE CBONCTBO HEIIPEPBIBHOCTH OTOOpazkeHus [, 1em
1 00bSICHSIETCS UX BAYKHOCTH B TEOPHUH WHTETPAJIA.

Cragajia 3amernM, 910 TeopeMe b. JIeBu MOKHO IPHAATH CJIEIYIONLY IO
dbopmy.

Teopema 1 (reopema B. JleBu mist marerpupyembrx dynkuuii). Feau
fn € LYX, 1), npunem nocaedosamenvrocms fr, crodumes x dynryuu f me
yooeaa u

sup/fndu < 00,
"X

mo f € LY X, ) n

n—oo

X X

i [ fu(a)duta) = [ f@)duta)

Yupaxuenue 1. ChopmyaupyiiTe n A0KaxKuTe aHAJOT MIPEIBIIyTIIei
TeOPEeMBI JIJIsT HEBO3PACTAIOIIEl mocae10BaTeIbHOCTH.

Crenyromuit pe3yabTaT ABJISeTCd OJHIM U3 BayKHEHIINX B TEOPUU HHTe-
rpaJja.

Teopema 2 (Teopema Jlebera o mazxkopupoBarHOil cxogumoctn). ITycmo
dynruuu f, na X p-usmepumol, npuuem | f,| < g npu ecex n das nexomopot
g€ LY X, p). Ecau fr, — [ n. 6., mo f e LYX,u) u

n—oo

X

i [ f(0)du(z) = / f(@)dp(z).

3ameuanme. Teopemnl Jlebera u B. JleBu ne Bepust jijig unrerpasa Pu-
MaHa, TaK Kak IpejejbHas (GYHKIHS MOXKeT ObITh He HHTErpupyeMa IIo
Puwmany, xotst Bce f, mHTErpupyemsl. /s mMOCTpOEHUsT COOTBETCTBYIOIIE-
ro mpEMepa MOXKHO paccMoTperh orpe3ok [0, 1] ¢ mepoit JleGera n B Kaue-
cTBe f,, B3SITh WHIAUKATOD MHOXKECTBA {1, ...,y }, [JIe CIeTHOE MHOKECTBO
{¢n : n =1,2,...} = Qn[0,1]. Hurarento npeanaraercsi 3aKOHIUTH 3TO
paccyKJieHue.
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Cnencteue 1. ITycmv u(X) < oo. Ecau f, € LY X,p) u fn — f
paeromepro na X, mo f € LY X, u) u

tim [ fu(a / F()dp(

n—oo

X

CaencrBue 2 ( Teopema 0 0-aIMTUBHOCTH HHTerpasa Jlebera). Ecau
E, € B, E =12 E,, mo daa moboti dynxyuu f € L1 (E, )

Teopema 3 (reopema 06 abCOMIOTHON HENPEPHIBHOCTH MHTerpasa Jle-
oera). ITycmo f € LYX, ). Jan aobozo € > 0 natidemea maxoe § > 0,
umo das a06020 usmepumozo muoocecmea E ¢ p(E) < § swnoansemes
HEPABEHCTNEO UE fd,u’ <e.

Teopema 4 (teopema Jlebera 06 HHTErPUPOBAHUE CYMMBI psijia). Feau
u, € LYX, 1) u D07 [y [unldp < 00, mo pad 3707w, cxodumea n. 6. &
urmezpupyemor gﬁymfuuu S u

/Sdu:Z/undu.
X =1y

Vopaxkuenus 2. 1) [Ipencrapbre cyMMy abCOTIOTHO CXOSIIETOCS UHC-
JI0BOTO psina y o, a, B Buge [ f(xz)dm(z), tue f € LY(RL).
R4
2) Ilycrs (byHKLLI/IH f mempepeiBaa Ha Ry, u lim, ., o, f(z) = a. Haiiaure

)
a)* lim fo nx)dz,
)

n—-+o00

6)* lim fo nx)sinnxdz.
n—-+o0o

3)* Chopmysupyiite n 10KazKUTE TEOPEMY O HENPEPBIBHOCTH HHTErDAJIA
JlebGera, 3aBUCAIIETO OT MapamMeTpa.

4)* Beraucsare mpejen liI_"I_l Jo (A +z/n) " sin(x/n)dx

§4. CpaBHeHnue unTerpaJa Jlebera ¢ uarerpajom Pumana

Nurerpasnr Jlebera n Puvana corsiacoBanbl B CJIIYIONEM CMBICIIE.
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Teopema 1 (o cpaBHennn mHTerpasa Jlebera ¢ cOGCTBEHHBIM HHTErDa-
nom Pumana). Eeau dynruua f [a b] — R unmezpupyema no Pumany, mo
1
feLta,b] u ff da:—f[ab x)dm(z).
,ZLOKaSaHHaH TeopeMa NOKa3bIBAIOT, 9TO HHTErpaJ PUMaHa IIOTI0NAeTC st
unTerpasioM JleGera. [Tosromy Bmecto f[a ot (x)dm(x), Kak TpPaBUIIO, TUIITYT

f: f(z)dx

Teopema 2 (kpurepwuii Jlebera nurerpupyemoctn no Pumany). @ynruyua
f i la,b] — R unmeepupyema no Pumary mozda u mosvko moezda, ko2da ona
02PAHUYEHE, U MEPG MHONCECTNBA ee MOYEK PASPLIBA PAGHG HIYAH.

Teopema 3 (Teopema 0 cpaBHEHUH MHTerpaJa Jlebera ¢ HeCcOGCTBEHHBIM
unrerpasiom Pumana). Ilyemo I — (Konewnwil uau beckoneunvil) npomestcy-
moxk 4uca060t npamot. Feau Heco6cmeeHHw'1 UHmeZpCLJL Pwmma f] f(z)dx

1
czodumea abcomomno, mo f € LY(I) u [, f(x)dx = [, f(x)dm(z).

3ameuanmue. TeopeMa, aHaJOruaHas MPeAbIIYIIEH, 11 YCJIOBHO CXO/Is-
o
[Ierocst HecoOCTBEHHOIO MHTerpaJia HepepHa. Hampumep, uarerpan fo f(z)dz,
—1)n ..

e f =Y, %X[n,nﬂ), CYIIECTBYET KaK YCJIOBHO CXOIAIAICA HEco0-
CTBeHHBIN uHTerpaa Pumana, HO fR+ f(x)dx we cymectByer B cMbicie Jlebe-
ra (Bocnosib3yitTech cBoiicTBoM abcosrorHocTH). TakuM 06pa3soM, WHTErpaJ
Jlebera Ha npsMOil He MOIJIOMIAET YCJIOBHO CXOASMIIHICA HecOOCTBEHHBINH HH-
TerpaJ PumaHa.

Yupaxkuenne 2. [lokaxkure, 4T0 Tpou3BeieHNE IBYX WHTEIPUPYEMBIX
dyHKIMI MOXKeT He ObITh HHTEI'PUPYyeMOoil (DYyHKIUEH, HO OHO UHTEIPUPYEMO,
ecan ofHa u3 (DYHKIWEil sBJseTCsl n3MepuMoiil 1 orpanndeHHoi. (/Ipyroe
JIOCTaTOYHOE YCJIOBHEe MHTEeTPUPYEMOCTH HPOU3BE/IeHUS JaeT HepaBeHCTBO
[énpnepa, cm. HuKe §7).

§5. Uurerpan Ctuarbeca

Omnpenenenne 1. [Iycrs dyuknus F : [a,b] — R we y6riBaer u Hempe-
phIBHA ciieBa, mp — Mepa Jlebera-Ctunrbeca ¢ dpyHKIMEH pacupeie/eHus
F'. Torpa nnrerpaxn [, fdmpg, (A C [a,b] — GopesieBcKoe MHOKECTBO) Ha3bi-
BaeTcs unmezpanrom Jlebeza-Cmuimveca n 0003HATALTCS

A/ fdF

(B 9TOM KOHTeKCTe (bYHKIMIO F' HHOTIA HA3BIBAIOT UHmMepupytowe).
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9T0 moHgTHEe 0000IIAeTC S Ha CAyYail WHTerpupyomux QyHKIHE orpa-
HUYEHHOI Bapualum.

Oupepenenune 2. [lycrs dbyukius F : [a,b] — R. g pasbuenua P =
{a=xy <z <...<xHh_1 <x)H = Db} OTPE3Ka [0, b] MOTOKEM

S(P) = |F(xi) = F(axa)|-
k=1

Oyuknuio F Gynem HasbBaTh @ynkyuet] ozpanusernnol sapuayuy (AIm
dbyHKIMEH ¢ OrpaHUYEHHBIM MOJHBIM HM3MEHeHWeM) Ha |a,b|, ecau ducia
S(P) orpaHuveHbl B COBOKYIHOCTH. B 9TOM C/iyuae 9uc/io

V;(F) = sup S(P)
P
Ha3bIBAIOT Gapuayued (osHbIM u3MeHenneMm) Gynknun F Ha [a, ).
Kunace Takux dyrknuii oboznaunm BV |a, b].

Yupaxkuennda 1. /lokaxkure, 910

1) VI(f +9) < V2(f) +Vile);

2) BV|a, b] ecTb BeKTOpPHOE TPOCTPAHCTBO (OTHOCHTEIHHO OOBIIHBIX OIIe-
panuii Ha HYHKIUIMA);

3)* VE(f) = VaA(f) + VE(f) (a < d < b) (addumuenocms sapuayu).

[To meopeme 2Kopdana knacc BV]a,b] coBnamaer ¢ kaaccom byHKIHI,
npejacTaBuMblX B Buge F' = F; — Fy, tiae dyuknun F; onpenesens Ha [a, b
u He yobiBaIOT (pasaoocenue Xopdana dynruuu F).

VYupaxkuenue 2*. [Iposepsre, uro dyukmus f(x) = sin(1/x), f(0) =0
ue npunajgexur BV[0,1], no na unmepsase (0,1) moxker OGbITh HpeJCTaB-
JIGHA B BHJIE PA3HOCTHU JBYX BO3DACTAOMNX (DyHKIHUIL.

Omnpenenenne 3. Eciau uarerpupyrorias GyHKIH TPEICTABAMA B BHIE
F = Fy — F,, tiae dynknuu F; He yObIBAIOT U HEIPEPHIBHBI CJ1eBa Ha [a, b,
TO 110 OIpPeJIeJeHUIO OJArai0T

A/de:A/del—A/deg

NPH yCJOBHUH, YTO WHTEIPAJIBI B MPABOil 9acTH HMEIT CMBICI (IIPOBephTe
KOPPEKTHOCTH TOTO ONPe/IeJICHN ).
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B caygae A = [a, b) B7MecTO f de uHOr/A iy T [ b= fdF. 3amernwm,

9TO TOT MHTErPAJ COBIATAET C f | fdF, romeko ecim f(b)mp({b}) = 0,
TaK Kak
far= [ fdp+ fome()
[a,b] [a,b)

(oKazKuTe MOCIeIHee PABEHCTBO).

O6oznaunm uvepes Kla, b| kinace dynkuuit F' : [a,b] — R, upeacraBumbix
B Bugie F' = Fy — F, re dyukiun F; : [a, b] — R He yObIBatoOT, HEIpepHIBHBI
cJIeBa M MMEIOT Ha OTPe3Ke [a,b] Komewnoe (MWJIH MyCcTOE) MHOXKECTBO TOUEK
pa3phIBa, a BHE ITOI0 MHOXKECTBA OIPAHUIEHHYIO MPOU3BOTHYIO.

Teopema 1 (reopema o BbiumciaeHun uarerpaia Jlebera-Cruirbeca).
ITyemv pynryua F € Kla,b] umeem na npomescymee [a,b) xoneunoe (uiu
nyemoe) muoscecmeo movek padpwsa {Ty}t, hy — eeaununa ckauka Pymx-
yuu F 6 mouxe xp. Toeda das moboli mp-unmezpupyemoti bopeaesckotl

dynruuu f wa [a,b)

/ fdF — / F@) P @)dz+ 3 fa)he (5.1)
[a,b) [a,b) k

Hapsny ¢ uwarerpaigom Jlebera-Cruirheca ObIBAET MOJIE3€H W HHTETPA
Pumana-Ctuiitheca, KOTOPBIH ONpeieiseTcs aHAJOTHIHO HHTerpany Puma-
HA.

Ounpenenenune 4. [Tycrs dynknus f : [a,0) — R, a F' € BV]a,b|. Ins
pasbuenus P = {a =z < 11 < ... < T, 1 < T, = b} mpomexyTKa [a,b)
¢ OTMEUYEeHHBIMU TOYKAMH & € [Tp_1,Tk) OMPEJTETUM HHTErPATHHbBIE CYMMBI
Pumana-Crunrbeca caeayionmM 00pa3oM:

o(f,P.F) Zf &) (F F(zy-1)). (5.1)

Iomoxum A\(P) = maxy(ry — 2x—1). Ecm npenen limypy—o o(f, P, F) cyme-
crByeT (M He 3aBHCUT OT BBIOODA OTMEYEHHBIX TOYEK &), TO OH HA3bIBACTCS

unmezpanom Pumarna-Cmusmoveca dynkuuu f ¢ unmezpupyrowed GyHryu-
. b
eti F' no [a,b) u oGoznauaercs [ fdF.

Teopema 2 (Teopema o cBsi3u unTerpayios Jlebera-Crunrbeca u Pumana-
Crunrbeca). Ecau pynryua f nenpepwena na |a, b, a pynrkyus F € BV |a, b
Henpepuena caesa, mo unmezpas Pumana-Cmuamveca pynruyuu o cyuse-
cmeyem u coenadaem ¢ coomsememeylowum urnmezparom Jebeza- Cmuamoeca.
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Vupaxuenne 3.* [ycrs F(z) = 22 Tlpuseaure npuvep GyHKIun, 1jis
KOTOpoif cymecTByer naTerpad Jlebera-Cruarheca Ha [0, 1] orHOCHTEIBHO F,
HO He cymiecTByeT uHTerpai Pumana-Cruarbeca Ha [0, 1] orHocuTebHO F.

§6. Samena mepemeHHOIT B mHTEerpaJse Jlebera

[Tonsarue u3mepuMoit pyHKIIUUT MOXKET OBITH 0000IIEeHO CJIe YoM 00-
pasoM.

Onpenenenne 1. Ilycts X u Y ecth muoxkectBa, B u C — o-anredpbl
X MOJAMHOXKeCTB coorBercTBeHHO. OToOpaxkenne g : X — Y Ha3biBaercs
usmepumvim, ecin g~ (A) € B nist moGoro A € C.

C moMOInpIo I3MEPUMOTO OTOOPaKeHHNA MOKHO <IIe€PecauTh> Mepy ¢ X
Ha Y.

Onpenenenne 2. [lycts k Tomy ke (X, B, i) ecTh MPOCTPAHCTBO € O-
KOHeUHOI Mepoil. g u3amepumoro orodpazkenus g : X — Y ompeaeanm
mepy g~ ma C pasencrsom (ug=t)(A) = u(g~'(A)), A € C. dra mepa
Ha3bIBAETCsI 00Pa30M MePbL (1 nPu omobpasicenuy g (1 0603HATATCS HHOTIA

g(p))-

Vaopaxkuenue 1. JlokaxKuTe, 4To (g~ ' 1eicTBUTENBLHO ABIAETCs MePOil.
Caenyiorias TeopeMa ObIBaeT IOJIe3HA IPU IPeoOPA30BAHUN HHTEI'PAJIOB
(B 9aCTHOCTH, B TEOPUH BEPOATHOCTEIH).

Teopema 1 (Teopema o 3amere nepeMenHoii B uarerpaie). lHyemo (X, B)
u (Y, C) ecmv mHoocecmsa ¢ pukcuposarnvlmu o-ai2ebpamu c60UT nooMHO-
orcecms, g 2 X — Y — usmepumoe omobpascenue. Ilycmo o-xonewnan mepa
i na B makosa, wmo ee obpas v = ug~' maxsice o-xoneven. Tozda daa ao-
boti neompuuamenrvroti bopeaecsckot dynruyuy f na'yY

[ flotaduta) = [ ravty). ©.1)

3ameuaHme. /[okazaHHOE PABEHCTBO OCTACTCS CIPABEJTUBBIM U 6€3 1mpeji-
HOJIOYKEHUST O HEOTPUIATEILHOCTH (BDYHKIIUK f, €CJId JOMOJHUTD €r0 YTBEep-
JKJEHUEM, 9TO U3 CYIIEeCTBOBAHUS HHTEIPaJja B OJHON €ro YacTH BBITEKAET
CYIIeCTBOBaHUE WHTErpaja B JAPYTOi.

OmauM U3 CAeACTBHI IMPeabIAyIneil TeopeMbl ABasgeTcsa (hopMysia 3ame-
Hbl [EPEMEHHBIX B WHTerpaJje 1mo n-mepHoii mepe Jlebera. [lpusegem sror
pe3yJiibpTar B ciaydae n = 1.
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CaencrBue 1 (0 3amene nepeMenHOii B mHTerpase mo mepe JleGera).
Hyemy dynrkuus g omobpascaem unmepsan Iy wa urwmepsan Iy u obaadaem
ozparuuennols npouseodnot g'(x) > 0. Tozda das 410607 Heompuyamesvrot
bopenesckoti pynxuuu f na unmepesase Iy

/ fly)dy = / F(9(0)) (@)de. (6.2)
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§7. IlpocTpamcrBa LP

B srom maparpade OyayT BBeIeHBLI KJAACChl (DYHKIIN, BechbMa I0J1e3-
Hble B MAaTeMaTHIECKOM aHam3e (CM., HAIPUMep, JOKA3aTeTbCTBO TEOPEMbBI
Paymona-Hukonuma B §8) 1 ero npuioKeHusX.

Omnpenenenne 1. Ilycts p € [1,00). ToBopsar, uro dbyukmuga f na X
upunajaexur LP(X, u), ecin ona usmepuma u fP € L1(X, p). Tlpu srom

[OJIAraioT
1/p

1= | [ 17

(meBasi yacTh UnTaeTCst <HOpMa f B TpocTpaHcTBe LPs).

Bmecro LP(X, p) mumyr rakxke L£P(p) (wim LP(X), ecam sicHo, 0 Kakoii
Mepe HJeT pedn), a HopMmy [ B mpoctpancTse LP obosnadaor eme || f||Lr().

Baknyio poJsib B Teopuu npocTpancTB LP urpaior HepapencTna [ €ibaepa
1 MHHKOBCKOIO, KOTOpPBbIe MBI Ceilidac yCTaHOBHUM.

Kax y:ke oTMedaIoch, IpOU3BeIeHNe HHTEIPUPYEMbIX (DYHKIINN He BCe-
ryia uarerpupyemo. O HAKO UMEET MEeCTO

Teopema 1 (uepasencrso ['éapaepa). ITyems p € (1,00), 1/p+1/q = 1.
Ecau f € LP(X,u) u g € LYX,pn), mo npouseedenue fg € LY X, u) u
CNPABEIAUBO HEPABEHCMBO

19l < W lpllglly,

NPUYEM PABEHCMEO 30€CHb UMEEM MECMO Mo20d U MOAbKO mozda, K020a
alflP = ealg|? n. 6. das nocmosnnuz ¢y, co, e PABHLLT HYALW.

Sameuanus. 1). B Teopun npocrpaHcTB LP HeOoTpHIATENbHBIE YHCIIA
P, q, YAOBIeTBOpsitomtre paBenctsy 1/p + 1/q = 1, nocar nassamme conpa-
AHCEHHBLT Nnorasamened.

2) Ilpu p = 2 uepasencrso [éibaepa naspiBaercs nepasercmeom Kowu-
Bynsaxosckoeo (man wepasencrsom I1IBapra).

Vupaxuenue 1.% Jloxaxure, uro LP(X,u) C LY(X, ), eciu 1 < pu
Mepa i KOHCTHA.

Vupaxknenue 2. /Jokaxkure, 9T0 HH oaHO M3 npocrpancts L1(R) u
L%(R) He cONepKUTCS B IPYTOM.

Teopema 2 (nmepasencrBo Munkosckoro). ITyems p € [1,00) u f,g €
LP(X, ). Toeda

1+ glly < [1F1lp + llgll-

45



Sameuanne. OHOBpeMeHHO MBI TOKa3asu, aTo LP (X, i) aBisieTcs BeK-
TOPHBIM ITPOCTPAHCTBOM.

Yupaxkuaenue 3. Ecaiu X = N, a g — cuurtarorniag Mepa, TpOCTPAHCTBO
LP(X, p) obosnavaercs l,. 3anunmure HepasencTsa ['éabaepa u MHHKOBCKOTO
JUISL 3TOTO CJIydasl.

Cwmbicst HepaBercTBa MUHKOBCKOTO B TOM, 9TO (DyHKITHSI

p(f,9) = lf —glly (f,g € LP(X, 1))

yaosseTBopsier nepaserncmey mpeyzosvhuka p(f,g) < p(f, h) + p(h,g) npn
fyg,h € LP(X, u). OueBngno Takke, ato p(f, g) = p(g, f) u p(f, f) = 0. Ox-
HAKO OHa He ABJISeTCs METPUKOI, Tak Kak u3 papeHcTBa p(f, g) = 0 ciemyer
JMNIb, 9TO f = g . B. YTOOBI HCOPABHTD CUTYAIMIO, BBEIEM IIOIIIPOCTPAH-
CTBO

N(X,p)={f: f=0p-ms}

upocrpancrsa LP(X, i) u pacemorpum hakTopupoCTPaHCTBO
LP(X, p) = L2(X, p) N (X, ).

Jlpyrumu cjaoBaMu, MBI TIepecTaeM pa3indaTh [-IKBUBAJIEHTHBIE DYHKIUN
w3 LP(X, ). Dnemenramu LP( X, 1) SBISIOTCS KAACCH 9KBUBAJCHTHOCTH | =
{g € LP(X ) : g ~ [} snementon f € LP(X, p). Ecm Tenephb Mbl TIOJ0KIM
1l == fllps ppl(F 3) = 1f =Gy 0 oty serpcy na LP(X, 1) (Gosee
TOrO, 9TO METPHIECKOE TIPOCTPAHCTBO MOJHO, YTO OyIeT JOKA3aHO HO3/THEE).

OrmernM, uro snemenTsl U3 LP (X, pu) He aBasiorcs GyHKIUIMEA (B 4acT-
HOCTH, JUUIsi HUX He OLPEJEJICHO 3HadeHue B ToYKe). Bupouewm, jgomyckas
BOJIBHOCTH ped, 37eMeHThl u3 LP(X, 1) HasbiBaroT GOYyHKIMAMI, €CIH 5TO
He MPUBOJUT K HEJ0DPA3YMEHUSIM.

Hononanm teoputo npoctpancts LP (X, 1) paccMOTpeHreM mpeIebHOTO
caydas p = 00.

Omnpenenenne 7. l'osopst, uro m3mepumast ¢pyuknus [ wHa X cyuje-
CMBEHHO 02PAHUNEHA CEEPLY, €CIIU sl HEKOTOPOil KOHCTAHTHI ¢ uMeeM f(x) <
¢ p-11. B. IIpu arom cywecmeennas eepruai epans gynryuy f oupenensiercs
KaK

esssupf = inf{c: f(z) <c p-u. B. }

AHaJIOTUIHO ONPeEISIOTCSA CYIECTBEHHO OTPAHNYEHHbIe CHU3Y (DYHKIUY U
essinf f. OyHKIMSA HA3BIBACTCS CYULECMBEHHO 02PGHUYEHHOT, eCIn OHA CY-
MMeCTBEHHO OIpaHMYeHa KaK CBepXy, TaK U CHHU3Y.
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Omnpenenenne 8. Onpeaennm npoctparctBo L£2°(X, (1) KaK MHOKECTBO
BCEX CYLIECTBEHHO OIpaHMYeHHBIX (pyHKIUI Ha X, T. €. TAKUX U3MEPUMbIX
dbyukiuit f na X, g KOTOPBIX

| flloo := esssup|f| < oo.

VYupaxkuenue 4. Jlokaxure, aro L(X, 1) ecTh BEKTOPHOE MPOCTPaH-
CTBO OTHOCUTEIbHO TIOTOYETHBIX OTepaIuil coxKeHus: GyHKIUN U YMHOXKe-
HUS HA CKAaJISP.

[To npuynnam, yzke OrMe4aBIIUMCH BbIIIE, YA00HO OTOXKIeCTBIATH (DYHK-
n u3 L2 X, @), coBnagaroniye moaTy BCIoLy, T. €. paccMaTpuBaTh (hakTop-
IPOCTPAHCTBO

L¥(X, ) == L2(X, ) IN (X, ).
Kak u B ciydae p < oo, jd f,g € L™(X,p) nomaraor |f|le =
[flloes Poo(fs ) = IIf = Gllc-

Yupaxkuerne 5. [Iposepbre aKCHOMBI METPUKHU T Poo -

VYupaxkuenne 6. /lokaxkure caeayomuii aHajIor HepaBeHcTBa [ Ebae-
pa: ecn f € LYX,pu), a g € L®(X,pn), o fg € L'(X,p) u ||fgli <
1£1121lg]lso-

§8. 3Hakonepemennbie Mepbl 1 Teopema Pamona-Hukonuma

YacTo ObIBaeT MOJIE3HO CJeyIoNee 000OIIeHHe MOHATHS MEPHI.

Onpenenenne 1. IlycTb p11, jto — JBe KOHEYHBIE MEPHI, OLPE/IC/IeHHbIE
Ha OJHOI W TOi »Ke o-aaredbpe B moaMHOXKecTB MHOXKecTBa X . OyHKIHS
MHOYKECTBA, ONpeJeJIeHHas PABEHCTBOM

V(A) = 11 (A) — ua(A) (A € B), (8.1)

HA3bIBACTCsl 3HAKONEpeMenHot mepoti (3apadom).

3ameuanmne. fcHo, 4TO 3apsiL ABIAETCS 0-a A UTUBHON BEIIeCTBEHHO3HAY-
HO# (PyHKIMET, onpejeseHHON Ha o-aarebpe. OKa3bIBAETCs, CIPABEIJINBO 1
oOpaTHOe YTBEpK/ICHHE.

Pasymeercst, pazioxkenue (8.1) He eJIMHCTBEHHO, HO OHO OYJIeT €JdH-
CTBEHHBIM, €CJU TOTPeOOBATH, YTOOBI MEPHI (i1, [io OBLIN B3AWUMHO CHHTY-
JSPHBIMA B CMbBICJIE CJIejiytorero onpeaesenns. [Ipu arom paznoxenne (8.1)
HA3BIBACTCA passodcenuem 2Kopdana sapada v.
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Onpenenenune 2. Mepoi (11, [io, OIPeAeSeHHbIE HA OAHOI U TOW XKe O-
arebpe B MOAMHOXKECTB MHOYKECTBa X, HA3BIBAIOTCA 63GUMHO CUHYAAPHbL-
mu (manny T g Lpg), ecin X pasbuBaercs Ha TaKHe W3MepUMble MHOXKECTBa
X; u Xo, 910 111(Xs) = po(X1) = 0 (T. €. 93TH MepBl COCPETOTOUEHBI HA
JAN3BbIOHKTHDIX MHO)KeCTBaX) .

Jlajgum mpumMep Mepbl, B3AUMHO CHHTYJsIPHOI ¢ Mepoii JleGera.

Yupaxknenune 1*. Jlokazxure, 410 m, Lm, rne ¢ — bynkmusa Kanropa
(cm. rraBy 2).

*Teopema 1. Pasnaoorcenue (8.1) eduncmeento, ecau mepos i1, o 63G-
UMHO CUH2YAADPHDL.
B pasznoxkennn 7Kopmana 3apsaa v MepHl (i B [y OOBIYHO 0003HAYAIOT
U U~ COOTBETCTBEHHO M HA3BIBAIOT NOAONHCUMENbHOT U 0Mmpuyamesvol
yacmamy 3apada v. MOXKHO JT0Ka3aTh, ITO

vt

vH(E) =sup{v(A): AC E, A € B},

v (E)=—inf{v(A): AC E,A € B}
(mouemy dyHKIUM VT U V7, ONpe/IeIeHHbIE STUME PABEHCTBAMHE, SIBJIAIOTCS
Mepamu?).
[TosnoxkuTenbHyI0 Mepy |v| := v 4+ v~ HazbBAIOT Gapuayueli 3apada v .
Onpenenenne naTerpaia Jlebera-Cruirbeca co 3HAKOIEPEMEHHON HHTE-
rpupylomieil pyHKIueii oueBUIHBIM 00pa30M MMEPEHOCUTCs Ha 3Ty OoJiee 00-
myto curyanuio: ecu f € LY X, vT) N LY X, v7), To

X/fdz/ ::X/fdﬁ—X/fdy‘.

Yurare b JIeTKO TPOBEPUT, ITO

JECE X/ fldlv]+

X

Caenyiolniee CBOMCTBO Mep SIBJISETCA B HEKOTOPOM CMBICJIE HPOTHUBOIIO-
JIOXKHBIM B3aWMMHOM CUHTYISIPHOCTH.

Omnpenenenne 3. [lycrs mepa p 3a1ana Ha o-aaredbpe B OIMHOKECTB
MHOZKeCTBa X . 3aps/ v, ope ie/ieHHbIi Ha B, Ha3BIBAETCS 40COAMOMHO HeNnpe-
PULEHBLM OmHOCumMervHo (i (MumyT v < 1), ecan u3 Toro, uro u(E) = 0,
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caenyer, uro V(E) = 0 (1. e. v 0bJagaeT He MEHBITHM 3aMacoM IIpeHedpe-
KUMBIX MHOZKECTB, YeM ,LL)

[TokazkeM, 4TO abCOMIOTHASA HENPepLIBHOCTL JCHCTBUTEILHO SIBJISACTCS
PA3HOBUIHOCTLIO HEIIPEPLIBHOCTH.

Jlemma 1 (¢ — d-ycooBue abcosioTHON HempepbiBHOCTH). [Tyems o2pa-
HUMEHHAA MEPA V U Mmepa [ 3adanv, Ha o-anzebpe B nodmmoscecms mmo-
sicecmea X . Yeaosue v <K 1 PAGHOCUABHO MOMY, Mo 0aa a0bo20 € > 0

natidemca maxoe & > 0, wmo nepasencmeo (E) < 0 eaewem nepasencmeo
v(E) <e.

Yupaxkaenue 2. /lokaxkute, 9To ecu v << pu v, To v = 0.

[Ipumepnl 3apsa0B, AOCOTIOTHO HENPEPBIBHBIX OTHOCUTEIBHO [i, JAIOT UH-
rerpasst v(E) = [ 5 Jdp npu dukcuposannoit Gynkuun f, paccmarpubae-
Mble KakK (pyHKIMg MHOKecTBa. Baxkuas reopema Pajnona-Hukomuma yreep-
JKJIaeT, 9TO JPYTUX IPUMEDPOB HET.

Teopema 3 (reopema Pamona-Hukonuma). Ilyems v u pn — o-koneunbie
mepdl, 3adannve Ha o-anzebpe B nodmnoosicecms mmoocecmea X. Eeau v
abCconOMHO HENPEPHIGHA OMHOCUMENLHO [I, MO WG X CYUecmseyem makas
edurcmeenraa ¢ mounocmuro do [i-axsusarenmuocmy pyrkyus y > 0, wmo

v(A) = [ ydu (A € B). (8.2)
/

*Teopema 4 (teopema Pajnona-Hukopuma st 3apsinos). ITycmo v ecmo
3apA0d, @ [ — O-KOHEYHAA MEPQ, 3a0aHHE Ha O-aszebpe B nodmmoscecms
muootcecmea X . Ecau v abcoatommno nHenpepueer 0muocumenvHo i, mo cy-
WeCmsyem maxas eOUHCMBERHAA ¢ OYHOCTBI0 00 IKEUSAAEHMHOCTIU PUYHK-
yusa f € LYX, 1), wmo

v(A) = /fdu (A € B).

A

JIoKa3aTeabCcTBO Cpasy CJAeayeT M3 MpPeIbIIyIneil TeopeMbl, eclu 3aMe-
™ITh, 9T0 VT < 11 BMecTe ¢ v. [J¥

Sameuanue. B ciyuae BoinosHenust pasencrsa (8.2) dyHKIMSA y HA3DI-
BaETCs NAOMHOCTILIO 3aPA0G V OTHOCUTEIHLHO MEDPBI (1, & TAKZKE Npou3eodHotl
Padona-Hukoduma, n ob6o3uagaercs dv/dp, a caMo paBeHCTBO 3alUCHIBACTCS
B CUMBOJIMYECKOM BuJje dv = ydy.
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BoznukaeT BOMpOC: IpU KaKUX YCJIOBUAX Ha (PYHKIMIO PACIpe/Ie/IeHHs
mepa Jlebera-Ctunrheca mp OyaeT abCOJIOTHO HEMpephIBHA OTHOCHTETHHO
m? Jljs oTBeTa Ha HEro BBeJIEeM CJIeIyIolee MOHITHE.

Onpenenenne 5. Oyukius F' : R — R nassiBaercss abcosommo nenpe-
PuL6HOU, ecan s Jaoboro € > 0 Haitmerca Takoe ¢ > 0, 4To I8 JTI0O0OT0O
JU3BIOHKTHONO Habopa unrepsanos (aj,b;)(j = 1,...,n) ycaosue Y7 (bj—
aj) < & maeder 7 [F(b;) — F(a;)| < 4.

Anajiornano omnpeensiercss abCOTIOTHAST HEMPEPHIBHOCTH (MyHKIUH F' :
[a,b] — R, HyKHO JHIIb JONOJIHHTENBHO MOTPEOOBATH, ITOOH (aj,b;) C
[a,b] (j=1,...,n).

CoBOKYIHOCTB BCeX abCOIOTHO HEIIPEPBIBHBIX Ha OTPe3Ke |a, b] dyHkimii
Oymem oboznauars AC|a, b|.

Yupaxkuaeaunsa 3. /lokaxkure cjeayioniue CBOWCTBa abCOIIOTHO HEmpe-
DPBIBHBIX (DYHKITHIL:

1) AC[a,b] ecTb BeKTOpPHOE MTPOCTPAHCTBO (OTHOCHTEIHHO OOBITHBIX OTTe-
panuii HaJ GYHKIUAME), coepKaliee Bee (DYHKIUN, VIOBJIETBOPSIONINE HA
[a, b] ycnoButo Jlummmuna.

2) AbcomtorHo HenpepbiBHas (DYHKIMsI PABHOMEDHO HelMpPephIBHA.

3)* AC[a,b] C BV]a,b].

Teopema 5 (reopema 06 aGCONIOTHON HEMPEPBIBHOCTH Mephl JleGera-
Crunrbeca). Mepa Jlebeza-Cmuamveca mp ¢ gynkyueds pacnpedeserus F
R — R 6ydem abcomommno nenpepuena omuocumesvno mepu. Jlebeza m
mo20a u moavko mozada, koeda F abcosrommo nenpepuisra.

[TorgaTre abCOJIFOTHON HENPEPHIBHOCTH UTPaeT KJIIYEBYIO POJIb B peliie-
HUHU BOIIpoOca o crpaseanuBocTu popmystbl HeoTona-/leiibrnumna, T. e. paBeH-

CTBa
T

/ F'(t)dt = F(z) — Fl(a), (NL)

a

Jst marerpaJa Jledera.

B obmiem caydae 310 paBeHCTBO HEBEPHO, Jarke ecaud F MouTH BCIOLY
muddepennupyema. i npuMepa JT0CTaTOYHO B34Th B KadecTBe F' (DyHK-
nuto Kanropa ¢, 1jst KoTopoit, oueBuano, ¢’ = 0 1. B., HO ¢(1) — p(0) = 1.

Ho nmeer MmecTo cremayiomas

Teopema 6 (ocHOBHAsI TEOpEMa MATEMATHYECKOIO AHAJIM3A [l MHTe-
rpana Jlebera). Jlasa ¢ynxyuu F @ [a,b] — R caedyrowue ymeepocdenus
PABHOCUNDHBL:
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1) F € AC|a,b|;
2) F dugpepenvupyema n. 6. na |a,b], F' € L']a,b] u npu ecex x € [a, b]
cnpasedausa dopmyaa (NL).

Teopema 7 (teopema Jlebera o muddepeHupoBaHUT HHTErPAIA C Ie-
PeMEeHHBIM BepXHUM npenenoM). Ecau f € La,b], mo

d
. / fdt = f(z) o B.
)

3ameuanmne. 13 0CHOBHO#T TeOpeMbl MATEMATHIECKOTO AHAJIM3A JIJ1sT MH-
terpaJia JleGera, B yacTHOCTH, c1eyet, uro dbyukius Kanropa ¢ ¢ AC|0, 1],
XO0Td 4ABJideTrcd paBHOMEDPHO HereprBHOfI n yuMeeT OI'paHuvYeHHYIO0 Bapua-
nuio na [0, 1].

§9. ITpouszBenenue mep u treopema PyodbuHU

Kax oupenemurs mepy Jlebera na miockoctu R?, ucxons us mepot Jlebe-
ra m Ha npamoit R? Morusupysicek dbopmysioit miomamm mpaMoyroabHUKA,
€CTeCTBEHHO PAaCCMOTPETh CHCTEMY MOJMHOYKECTB IJIOCKOCTH Buaa A X B,
rie A u B — usmepumbie 1o Jlebery mogmuozkecTBa R, 1 mo10KuTh ma( A X
B) := m(A)m(B). Oka3biBaeTcs, my sABJIseTCA MepOoil Ha Mosyaarebpe THX
<ODODIIEHHBIX MPIMOYTOJTBHAKOB>, ¥ MOKHO TPUMEHUTH MPOTIECC MPOIO-
JKeHUsT Mepbl, ONMCAHHBIIT B TyiaBe 2. AHajioruaHo cTrpouTcs mepa Jlebera
BR3 =R x R?u 1 1., a Tak:Ke Ha TOpe, MUAHHAPIICCKIX TOBEPXHOCTIX
U MPOYUX MPAMBIX IPOU3BEIEHNUAX, TAK YTO IeJIecO00Pa3HO cpa3y PacCMOT-
perb ODIIYIO CXeMy.

st 3TOTO HAM MOHAJIO0OUTCS CIEIYIONast MPOCcTast

Jlemma 1. [Tycmo S; — noayaszebpa nodmmoscecms muoscecmsa X; (i =
1,2). Tozda cucmema mHoscecms

81XSQZ:{A1XA22A,£€SZ', Z:1,2}

ecmob noayaszebpa nodmmoscecms muoodtcecmea Xq X Xo.

JloKazaTebCTBO CBOIUTCS K MPOCTON ITpoBepke g S X Sy aKCHOM T10-
JIyaJreOphl ¢ MOMOIIIBIO TOXKJIECTB

(A1 X B1) N (A X By) = (A1 N Ay) x (B N By),

(AxB)=(AxB)U(A'x B)U (A" x B').O0
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3ameuanne. Cucrema S7 X Sy MOKeT He ObIThH JazKe ajredpoit 1 B TOM
caydae, korga S; (1 = 1,2) aBastiorest curma-airebpamMu (IpHBeAUTE TPH-
Mep). DTo elle OJUH APTYMEHT B [OJIb3Y BBEJEHHs MOHATHS MOJIYaIreOpH.

Teopema 1 (Teopema-omnpe/ienenue npousseaenus mep). ITycmo (X;, B, 11;)
(1 =1,2) — npocmpancmea ¢ mepot. Onpedesum GyHKYUI0O (11 X [y HE NO-
ayanzebpe By X By caedyrouwum obpasom:

(p1 X p2) (A1 X Ag) = p1(Ar)pa(Az) (A € By, i =1,2).

Tozda ona bydem mepoti. Jlebezosckoe npodoascerue amoti mepvl 0603HAYA-
emes i1 ® flo U HA3DI6AEMCsA TTPOU3BETEHUEM MED (11 U [U3.

Ceityac Mbl MOKeM ¢hOPMYIUPOBATH JBE BarKHbIE TEOPEMbBI O IEPEXOJIE
OT JIBOHHOTO MHTEIPajia K IOBTOPHOMY.

Teopema 2 (reopema ®Py6unu-Tonemnn). Hycmo (X;, B, p;) (1 = 1,2)
— NPOCMPAHCNBE C CULMA-KOHEUWHBLMU MEPAMU.

1 (Touesutn). Ecau gynruua [ na X1 X Xo Heompuyamenrvna u fig & fig-
USMEPUMA, MO

/¢Mm®m/</mmmmmm Qi (1) =
/(!mmmwmw dpin (), (9.1)

NPUNEM YMBEPAHCOEHUE MEOPEMBL BKANUALT, UBMEPUMOCTIL N. 6. GHYMPEH-
HUT UHMe2panos (Kax Gyrrkyud, 3a0GHHULT UHNEZPANGMU, 3G6UCAUUMU OM)
napamempa).

2 (Oy6unn). Ecau f € LY X X X5), mo cnpasedauso pasencmeo (9.1),
npuNem YmeepicoeHue Mmeopemol, 6KAIOUAEM. CYULELCTMBOBAHUE U UHMELPUPY-
EMOCTD N 6. HYMPEHHUT UHTNE2PAN0E (Kak PyrKkuul, 3a0aHHuT uHMe2Pa-
AAMU, 3ABUCAULUMU OM, NAPEMENPA).

Caencrsue 1. /las mmooicecmea E € By @ By noaosicum
Ez = {y € X2 : (x,y) € E}vEy = {{K S Xl : (xay) € E}

Tozda
m@MEZ/m@Mm@Z/m@W%@-

X1 X2
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JlokazarenbctBo. JlocTaTouno mpumMenuTs Teopemy ToHe iH K (DYHKIUT
Xe-U

Sameuanne. Ecin xorg 6b on1Ha U3 Mep He 0-KOHedYHa, Teopembl Dy-
6unn n ToHesIn MOTYT He BBIIOIHATBHCH. B KadecTBe COOTBETCTBYIOIIEIO
KOHTPHPHMePa MOKHO B3aTh X1 = Xy = [0,1], By = By = Bjo,1), t1 = m, o
— cunraomag mMepa, f = xp, rae D = {(z,z) : x € [0,1]}.

Vupaxkuenue 1.* TIposepbre.

Vupaxkuenne 2*. [Tycte X; = Xy =N, By = By = P(N), pg = g —
cantatorias Mepa. [onoxum f(m,n) =1, ectu m =n, f(m,n) = —1, ecau
m=mn+1,u f(m,n) =0 B ocranbubix ciryuasx. Torma f ¢ L1(X; x X3),
HO NMOBTOPHBIC HHTErPAJIBI CYIIECTBYIOT U paBHLL. JokaxkuTe.

3ameuanmne. Teopembl Qyounu u Tonesim 4acTo UPUMEHLAIOTCH B CJie-
naytoreit curyarmun. JlomycTum, 9T0 HaM HYKHO M3MEHWTH MOPSITOK HHTE-
IPUPOBAHUsT B MOBTOPHOM HWHTErPaJIe le (fX2 fd/@) duy. Torma cuauasa

MBI HCIOJIB3yeM Teopemy ToHesIn, 9To0bl 10Ka3aTh (IIyTeM mepexoia K mo-
sropromy), uto [y o |fld(in ® pa) < 00, a 3aTem mpmMensiem Teopemy

Dybunn [y, . fd(in @ po).
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